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A Theoretical Assessment of the Relative
Performance of Spherical Phased Arrays for

Ultrasound Surgery
Leonid R. Gavrilov1 and Jeffrey W. Hand

Abstract—Computer modeling of spherical-section
phased arrays for ultrasound surgery (tissue ablation) is de-
scribed. The influence on performance of the number of cir-
cular elements (64 to 1024), their diameter (2.5 to 10 mm),
frequency (1 to 2 MHz), and degree of sparseness in the
array is investigated for elements distributed randomly or
in square, annular, and hexagonal patterns on a spherical
shell (radius of curvature, 120 mm). Criteria for evaluat-
ing the quality of the intensity distributions obtained when
focusing the arrays both on and away from their center of
curvature, and in both single focus and simultaneous mul-
tiple foci modes, are proposed. Of the arrays studied, the
most favorable performance, for both modes, is predicted
for 256 5-mm diameter, randomly distributed elements. For
the single focus mode, this performed better than regular
arrays of 255 to 1024 elements and, for the case of nine
simultaneous foci produced on a coplanar 3 � 3 grid with
4-mm spacing, better than square, hexagonal, or annular
distributed arrays with a comparable number of elements.
Randomization improved performance by suppressing grat-
ing lobes significantly. For single focus mode, a several-fold
decrease in the number of elements could be made without
degrading the quality of the intensity distribution.

I. Introduction

There is interest in developing minimally invasive ther-
apeutic ultrasound techniques for surgery (tissue abla-

tion) because these may offer potential benefits compared
with conventional approaches in terms of reduced morbid-
ity, increased patient acceptability, and reduced in-patient
time. Much of the work previously reported has involved
the use of a single or a few piezoceramic transducers with
spherical curved surfaces [1]–[4], phased arrays with vari-
ous sizes and operating regimes [5]–[11], and lenses [12]–
[15].

Although systems based on the use of a single-focused
transducer have the advantage of being relatively simple,
they have disadvantages, including the need to scan the
focus by mechanically translating the transducer to treat
clinically relevant volumes of tissue. In addition to the pro-
duction of lesions, the level of tissue heating in regions
proximal to the focal plane and the duration of treatment
are important aspects of ultrasound surgery. These are de-
pendent on the ultrasound intensity, the duration of the
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ultrasound pulses, the temporal delay between them, and
the spatial separation between neighboring targets. The
latter two factors may be excessive when a single focus is
scanned [5]–[8].

Some of these challenges may be met by using phased
arrays that offer electronically controlled dynamic focus-
ing and the ability to vary and control precisely the range,
location and size of the focus during treatment without
moving the array [5]–[11], [16]–[20]. Several investigators
have proposed the use of phased arrays in which elements
are placed on a spherical shell, thereby combining elec-
tronic and geometric focusing. Because phased arrays also
offer means of synthesizing fields with multiple simultane-
ous foci, their use is expected to reduce the time taken to
deliver ablative therapy [5]–[11].

Disadvantages of phased arrays include the unwanted
presence of grating lobes and other secondary inten-
sity maxima and, particularly for relatively large extra-
corporeal, 2-D arrays, complexity and potentially rela-
tively high cost. The need to reduce grating lobes is com-
mon to all therapeutic arrays reported to date, and several
techniques aimed at achieving this have been reported. A
random distribution of different-sized elements in a lin-
ear phased array has been investigated [19], [20]; grating
lobe levels associated with an aperiodic distribution of ele-
ments were approximately 30 to 45% less than those asso-
ciated with periodic center-to-center element spacing. Goss
et al. [11] showed theoretically that the use of elements
randomly distributed on a segment of a spherical surface
may improve phased array performance. Those researchers
also suggested that the use of sparse phased arrays may
be promising in the reduction of the complexity and rel-
atively high cost of large 2-D arrays. Apodization, broad
banding, and the use of subsets of elements have also been
investigated [21]–[23]. In work related to phased arrays for
imaging, differing periodic spacings for transmit and re-
ceive elements have been used [24], [25], resulting in the
transmit and receive grating lobes occurring at different lo-
cations where their contribution to the two-way radiation
pattern cancel.

In the present work, computer modeling and analysis
of the performance of several sparse, quasi-random, ultra-
sound phased arrays mounted on a segment of a spherical
surface and intended for ablation are described, and the
results are compared with those obtained for periodic ar-
rays.
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Fig. 1. Schematic illustration of the method used for calculations: a) calculated field of a single element and b) calculated field of an array.

II. Methods

The intensity distributions were calculated in a man-
ner essentially similar to that described in [11]. Fig. 1 is
a schematic illustration of the method used. The complex
pressure distribution associated with a single plane circu-
lar element was found using the Point Radiator Method
(or the Point Source Method) in which the acoustic pis-
ton source is represented by many point radiators [26].
Square elemental radiators of side length 0.25 mm were
used to describe the radiating surface of each circular el-
ement. Assuming radial symmetry for a circular element,
its 3-D acoustic field was found [11] by calculating the
complex pressure p(rs, zs) as a function of axial distance
from the element, zs, and distance off its central axis, rs
according to

p(rs, zs) =
jρcku0∆A

2π

∑

surface

e−(α+jk)R

R

where ρ is the tissue density (1000 kg·m−3), c is speed
of sound in the tissue (1500 m·s−1), k is the propagation
constant, u0 is the velocity amplitude of the surface of
the elemental sources, ∆A is the area of each elemental
source, α is the attenuation coefficient in the tissue, and
R is the distance from the center of an elemental source to
the point (rs, zs) where the field is calculated. In general,
calculations were carried out for 40 ≤ zs ≤ 180 mm and
0 ≤ rs ≤ 60 mm, both in spatial increments of 0.2 mm
(Fig. 1a). The attenuation coefficient in the tissue α was
taken to be 10 Np·m−1 MHz−1, which, although toward
the high end of the range found in the literature, is a value
used previously by many researchers for similar calcula-
tions [6], [17], [19], [20], [27].

The total complex pressure distributions from various
arrays of plane circular elements mounted on a spherical
shell (radius of curvature = 120 mm in all cases) were cal-
culated by summing the complex pressure contributions
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TABLE I
Locations and relative phase values for the nine coplanar

foci.

x+ 4, y − 4, z x+ 4, y, z x+ 4, y + 4, z
• • •
0 π/4 π/2

0, y − 4, z 0, y, z 0, y + 4, z
• • •

7π/4 π/2 3π/4
x− 4, y − 4, z x− 4, y, z x− y + 4, z

• • •
3π/2 5π/4 π

from each element in an array at each point in the 3-D vol-
ume of interest (Fig. 1b). Knowing the complex pressure
as a function of axial and radial distances for the single ele-
ment whose center was defined by the angular coordinates
φ and ϕ (the angles subtended at the center of curvature
in the vertical and horizontal planes, respectively), the val-
ues were mapped from the rotated cylindrical volume to
points on a 0.2-mm, 3-D rectangular grid aligned with the
Cartesian axes. Calculations were carried out over the vol-
ume defined by 50 ≤ z ≤ 160 mm axially and −30 ≤ x and
y ≤ 30 mm (in a few cases to ±40 mm to ensure inclusion
of grating lobes).

The relative phases of the surface velocity at each circu-
lar element required to produce a single focus were deter-
mined from the paths between the centers of each element
and the position of the focus. To produce simultaneous
multiple foci, the complex surface velocity un at the nth of
the N circular elements was determined using the method
first described by Ebbini and Cain [17]. The un are related
to the complex pressures pm at each ofM target or control
points, by the matrix equation

u = H∗t
(
HH∗t

)−1
p

where u = [u1,u2, . . . , un, . . . uN ]
t, p =

[
p1,p2, . . . , pm,

. . . pM
]t, and H is the M ×N matrix. We used elements

hmn =
exp(−jkrmn)

rmn
where rmn is the distance from themth

target point to the center of the nth element. H∗t is the
conjugate transpose of H and [ ]t denotes transpose. In this
study, the set ofM target points was selected to be within
the same focal plane and to lie on a uniformly spaced√
M ×

√
M grid. To determine the un(n = 1, 2, . . .N), the

phases and amplitudes of the pm(m = 1, 2, . . .M) must
be selected. We chose equal amplitudes and imposed a ro-
tation of phase around the pattern of foci in a manner
similar to that used in [9] and shown for the case of a 3×3
pattern with 4-mm spacing in Table I. Here, co-ordinates
(upper figures) are referenced to the central focus at the
point (0, y, z) and shifts are in millimeters. The relative
phases of the complex pressure at these nine locations are
shown by the lower figures.

The intensity at each grid point was found from the
product of the complex pressure and its complex conju-
gate, and the distribution was normalized with respect to

the global maximum intensity obtained within the volume
of interest.

Calculations of the pressure and intensity field distribu-
tions were carried out using 1) a Silicon Graphics Onyx2
computer with programs written in FORTRAN 77 and 2)
a Pentium II based PC with programs written in Microsoft
Fortran PowerStation 4.0 based on Fortran 90. The data
were analyzed using AVS v5 (Advanced Visual Systems
Inc., Waltham, MA) and Matlab v5.2.1 (Mathworks Inc.,
Natick, MA) running on the Onyx2 and Axum v5.0 (Math-
Soft Inc., Cambridge, MA) running on the PC. Three-
dimensional intensity distributions were analyzed qualita-
tively and data in selected planes were analyzed quantita-
tively.

The 2-D intensity distributions presented in this work
represent in the main data in the y-z plane. This plane
contained the ultrasound focus when it was not coinci-
dent with the center of curvature and was a worst case
in terms of the level of grating lobes. In some cases (see
subsequently), calculations were also carried out with the
focus located in the x-z plane.

The influence on array performance of several param-
eters, such as the number of elements (64, 128, 255, 256,
and 1024), their diameter (2.5, 5, 7, and 10 mm), frequency
(1, 1.5, and 2 MHz), and level of sparseness, was investi-
gated. Calculations were made for arrays with elements
distributed randomly on the shell (Fig. 2) as well as for
arrays with elements distributed regularly on the shell in
square, annular, and hexagonal patterns (Fig. 3). The di-
ameters of all the arrays presented in Fig. 2 and 3, which
show the locations but not the dimensions of the elements,
were equal to 110 mm.

The first array consisted of 256 elements, each 5 mm
in diameter, distributed in a quasi-random manner (a
completely random distribution was modified such that
the minimum separation between centers of elements was
5.5 mm) and is shown schematically in Fig. 2(a). Three
driving frequencies were considered −1, 1.5, and 2 MHz.
Several similar quasi-random distributions of elements on
the shell were investigated, but the differences in results
were negligible. Calculations were also made for quasi-
randomly distributed arrays of 128 elements, each 7 mm
in diameter [Fig. 2(b)], and of 64 elements, each 10 mm in
diameter [Fig. 2(c)]. The frequency in both of these cases
was 1.5 MHz, and the minimum separation between cen-
ters of elements was 7.5 and 10.5 mm, respectively.

Fig. 3 illustrates some regular arrays investigated in this
work; all were assumed to operate at 1.5 MHz. Fig. 3(a)
is a schematic representation of an array of 256 elements,
each 5 mm in diameter, placed on the shell in a square con-
figuration. The minimum separation between centers was
5.5 mm. Fig. 3(b) shows a similar array of 1024 elements,
each 2.5 mm in diameter; in this case, the center-to-center
spacing was 2.75 mm. Fig. 3(c) shows an annular array of
255 elements, each 5 mm in diameter, consisting of a cen-
tral element and nine concentric rings with radii increas-
ing from 5.5 to 49.5 mm in multiples of 5.5 mm. The rings
contain 5, 11, 17, 23, 28, 33, 40, 46, and 51 elements, re-
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Fig. 2. Schematic drawings of arrays with plane circular elements distributed on the spherical shell in a quasi-random manner: a) 256
elements, each 5 mm in diameter; b) 128 elements, each 7 mm in diameter; and c) 64 elements, each 10 mm in diameter. The minimum
center-to-center distance between elements is 5.5, 7.5, and 10.5 mm, respectively. The diameter of all arrays is 110 mm, and the maximum
center-to-center distance between elements is 100 mm.

spectively, with center-to-center spacing of 6 mm. Fig. 3(d)
shows an array consisting of 255 elements, each 5 mm in
diameter, placed in a hexagonal configuration with center-
to-center spacing of 5.5 mm. The arrays presented in Fig. 2
and 3 have approximately the same (within 1.5%) active
area of 50 cm2 and so, in theory, should be able to provide
approximately the same acoustic power.

Four criteria were selected to assess the quality of the
normalized intensity distributions calculated for these ar-
rays used in the single focus mode. First, an intensity
distribution was deemed to be grade A when intensity
I ≥ 0.1 Imax occurred only within the focal region and was
absent in the remainder of the plane investigated. This cri-
terion is in agreement with the commonly expressed opin-
ion that the maximum intensity in grating lobes should
be at least 8 to 10 dB lower than that in the main lobe
for safe delivery of treatment [11], [17], [19]. The intensity
distribution was described as grade B when there were
< 10 localized areas in which the intensity was in the
range 0.1 ≤ I ≤ 0.15 Imax outside the focal area in the
plane considered. Intensity distributions with > 10 local-
ized areas outside the focal area in the plane considered in
which 0.1 ≤ I < 0.15 Imax were classified grade C. Finally,
further discrimination among poor intensity distributions
was provided by a grade D classification for those where
there was at least one localized area in which I ≥ 0.2 Imax.

Because, in practice, the treatment volume will be
larger than that associated with a single focus, multiple
lesions will be needed and achieved by electronically scan-
ning the location of the single focus, by synthesizing si-
multaneously a pattern of multiple foci, or by scanning a
small pattern of simultaneous multiple foci [6]–[9]. In all of
these cases, the pre-focal intensity (or time-averaged inten-
sity) will be considerably greater than that associated with
grades A through D described previously. Correspondingly,
possible criteria for evaluation of quality of intensity distri-
butions associated with multiple foci will be less rigorous
than those for the single focus mode.

Fan and Hynynen [6] reported that elevations of tissue
temperature to 53.5◦C for 10 s and 56.8◦C for 1 s each re-
sult in the same thermal dose that is a threshold value for
tissue necrosis. The maximum temperature Tmax achieved
during ultrasound surgery is often in the range of 80 to
90◦C [3], [6], [9]. Thus, in terms of temperature increase
∆T (with respect to 37◦C), tissue necrosis is likely to be
achieved over the approximate range of 0.4 to 1.0∆Tmax
where ∆Tmax is the maximum increase in temperature pro-
duced. If the effects of thermal conduction and perfusion
are neglected during relatively brief exposures of a few sec-
onds, and ∆T and intensity I are assumed to be linearly
related, then to a first-order approximation, a basis of clas-
sifying pre-focal intensity levels and intensity hot spots in
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Fig. 3. Schematic drawing of arrays with circular elements distributed on the spherical shell in regular patterns: a) 256 elements, each 5 mm
in diameter and distributed in a square pattern; b) 1024 elements, each 2.5 mm in diameter and distributed in a square pattern; c) 255
elements, each 5 mm in diameter and distributed in an annular pattern; and d) 255 elements, each 5 mm in diameter and distributed in a
hexagonal pattern. The diameter of all arrays is 110 mm, and the maximum center-to-center distance between elements is 100 mm.

distributions associated with multiple foci might be as fol-
lows. Grade I: I ≤ 30% Imax outside the multiple foci
pattern, grade II: 30%Imax < I ≤ 40% Imax outside the
multiple foci pattern, and grade III: I > 40% Imax outside
the multiple foci pattern. The risks of producing thermal
necrosis outside of the target area should be low for grade
I and significant for grade III. These grades may be conser-
vative because no account of cooling between ultrasound
pulses is considered.

III. Results

Fig. 4(a and b) shows examples of intensity distribu-
tions for the random array of 256 5-mm elements [see
Fig. 2(a)] driven at a frequency of 1.5 MHz in the sin-
gle focus mode. This figure illustrates the dependence of
quality of the intensity distribution on the location of the
focus. Displacement of the focus from 10 to 16 mm off the
acoustical axis (at a range of 110 mm) changes the quality

from grade A to grade D. In Fig. 4(a), nine contours (10 to
90% Imax in increments of 10% Imax) are drawn inside the
focal region. The intensity distribution in the remainder
of the plane outside the focal region was assessed in terms
of contours at 10 to 20% Imax in increments of 5% Imax
and, in a few cases, by contours at 10 to 20% Imax in in-
crements of 2% Imax. Characterization of the intensity dis-
tributions associated with this array driven at 1, 1.5, and
2 MHz is summarized in Fig. 5. Fig. 5 presents data for
displacements of the focus in the positive y-direction (as
do Fig. 6 through 8). Calculations were also carried out for
foci displaced in the negative y-direction, and the results
were qualitatively very similar. Quantitative differences in
intensity distributions were typically very small.

Fig. 6(a) illustrates the effect of increasing the sparse-
ness in a random array of 5-mm diameter elements. The
characterization of the intensity distribution shown is for
the case when one-half of 256 randomly distributed ele-
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ments were selected at random to be switched off. The
driving frequency was 1.5 MHz.

Assessments of the intensity distributions for the 1.5-
MHz random arrays of 128 7-mm diameter elements [see
Fig. 2(b)] and 64 10-mm diameter elements [see Fig. 2(c)]
are shown in Fig. 6(b and c), respectively. Data shown in
Fig. 5 and 6 were based on calculations carried out with
the focus located in the y-z plane. Calculations in the x-z
plane (not shown here) yielded qualitatively very similar
results.

The results of assessing intensity distributions for
1.5 MHz, regular-spaced arrays [see Fig. 3(a through d)]
are shown in Fig. 7 and 8. For the regular arrays with
square and annular patterns, calculations were carried out
with the focus located in the y-z plane (Fig. 7). Calcu-

lations were also made in the x-z plane (not presented)
and yielded qualitatively very similar results. The hexago-
nal regular array had different performance in y-z and x-z
planes, and both are shown in Fig. 8.

As a preliminary assessment of the relative performance
of some of the arrays when used in a simultaneous multiple
foci mode, intensity patterns associated with the produc-
tion of nine foci, located in a focal plane and at points
defined by a 3 × 3 matrix with 4-mm separation between
foci were considered. In all cases, the relative phase rota-
tion between the nine targeted locations shown in Table I
was adopted.

Fig. 9 shows examples of intensity distributions associ-
ated with this multiple foci pattern and produced by the
256 5-mm element random array driven at 1.5 MHz. In



gavrilov and hand: performance of spherical phased arrays 131

Fig. 4. A) (previous page) Examples of the intensity field distributions for the single focus mode and criteria used for estimating the quality
of the intensity distributions: a) A grade, b) B grade, c) C grade, and d) D grade. The symbol “×” corresponds to the location of the center
of curvature. These examples are for a random array of 256 5-mm diameter circular elements [Fig. 2(a)] driven at 1.5 MHz. The focus is
located at a) 0, −10, and 110 mm b) 0, −14, and 110 mm; c) 0, −15, and 110 mm; and d) 0, −16, and 110 mm. B) Intensity distributions
for the same cases as in Fig. 4(A) but with 0 ≤ I ≤ 0.1 Imax depicted by a linear gray scale and I > 0.1 Imax shown in white.

each case, the central focus in the pattern was located on
the central axis but, from left to right, at a range of 100,
110, and 120 mm. The resulting intensity distributions cor-
respond to grades I, II, and III, respectively.

Fig. 10 summarizes the characteristics of intensity dis-
tributions associated with four 1.5-MHz arrays when the
co-ordinates of the central focus in the 3× 3 coplanar pat-
tern are varied over the ranges of z and y shown. Fig. 10(a,
b, c, and d) shows data obtained for 256 5-mm randomly
distributed elements, 256 5-mm elements in a square pat-
tern, 255 5-mm elements in a hexagonal pattern, and 255
5-mm elements in the annular configuration.

Fig. 11 shows intensity distributions in the x-y plane
for the four arrays referred to in Fig. 10 when the 3 × 3
pattern is produced at a range of 100 mm. The patterns
relate to 1) elements in the random pattern, 2) elements in

the square pattern, 3) elements in the hexagonal pattern,
and 4) elements in the annular pattern. For all arrays, the
upper graphs show the central focus in the pattern steered
to the point x = 0, y = 0, and z = 100 mm; the lower ones
show the case when it is steered to the point x = 0, y =
10, z = 100 mm.

IV. Discussion

We have assessed the quality of the intensity distribu-
tions produced by phased arrays for both single focus and
multiple foci modes by considering values of the intensity
in grating lobes and other intensity maxima in the plane
containing the focus (or central focus of coplanar, square,
multiple foci patterns) for both random and regular arrays
and within an area of 110 mm (in range) by 60 mm (lat-
erally). In the single focus mode, the array consisting of
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Fig. 5. Summary of results of calculations and quality assessment of the intensity distributions for the single focus mode associated with
the random array of 256 5-mm diameter elements [Fig. 2(a)]. Frequencies: a) 1 MHz, b) 1.5 MHz, and c) 2 MHz. The quality levels are: A
grade (•), B grade (◦), C grade (×), and D grade (⊗).

256 plane circular elements, each 5 mm in diameter, dis-
tributed in a quasi-random manner and driven at 1 MHz
could steer the focus up to ±20 mm off center over ranges
from 50 to 120 to 140 mm and still achieve a good quality
rating (grades A or B) [see Fig. 5(a)]. At 1.5 MHz, the dis-
tances over which the focus could be steered compatible
with A and B ratings were ±10 mm for ranges within 70
to 120 mm and ±15 mm for ranges from 50 to 120 mm,
respectively [Fig. 5(b)]. The grade A criterion used here
for the single focus mode was more rigorous than using
the ratio between the maximum intensity in the grating
lobes in the focal plane only and that in the focus, as used
in [11].

The performance of the array as assessed by the quality
of the intensity distribution is dependent on both the dis-

tance of the focus from the center of curvature and atten-
uation. Fig. 5 shows that when the focus is steered beyond
the shell’s center of curvature, the quality of the intensity
distribution decreased abruptly. It is observed also that
the greatest steering of the focus off center with a grade
A quality may be achieved at a range approximately 1 to
2 cm proximal to the center of curvature. The volume over
which a grade A (or B) intensity is maintained varies from
63 (or 106) cm3 at 1 MHz [Fig. 5(a)], through 16 (or 49)
cm3 at 1.5 MHz [Fig. 5(b)], to 12.5 (or 16) cm3 at 2 MHz
[Fig. 5(c)], respectively.

In the array consisting of 256 5-mm diameter elements,
the ratio of the total area of elements (active area) to the
area of the shell was approximately 51%. A significant de-
terioration of the array’s performance occurred when the
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Fig. 6. Assessment of the quality of intensity distributions for the single focus mode associated with a) the random array consisting of 128
elements, randomly selected from the 256 × 5-mm elements array shown in Fig. 2(a); b) the array of 128 × 7 mm randomly distributed
circular elements [Fig. 2(b)]; and c) the array of 64× 10 mm randomly distributed circular elements [Fig. 2(c)]. The frequency is 1.5 MHz.
The quality levels are A grade (•), B grade (◦), C grade (×), and D grade (⊗).

sparseness of the array was increased (one-half of the 256
elements were switched off at random) [Fig. 6(a)]. In this
case, not only did the useful treatment volume become
much smaller, but the greatest range at which the focus
could be located compatible with an A-graded intensity
distribution rating was reduced to 100 mm.

Decreasing the number of randomly distributed ele-
ments from 256 through 128 to 64, while simultaneously
increasing the diameter of the elements (from 5 through 7
to 10 mm, respectively) to maintain a constant active area
also led to progressive deterioration of the array’s perfor-
mance [Fig. 6(b and c)]. The differences in the qualities of
intensity distributions associated with the array of 128 el-
ements, each 5 mm in diameter, and that of 128 elements,

each 7 mm in diameter, and therefore of higher directivity
at the same frequency were not great [Fig. 6(a and b)].

In the single focus mode, the performance of arrays con-
sisting of 255 or 256 5-mm elements driven at 1.5 MHz
and distributed as square, annular, or hexagonal patterns
[Fig. 7(a and c) and Fig. 8] was considerably inferior to
that of the 1.5-MHz, 256 5-mm element random array
[Fig. 5(b)]. As was mentioned previously, the calculations
were carried out with displacements of the focus in both
y-z and x-z planes (Fig. 1). For arrays with square [Fig. 3(a
and b)] or annular [Fig. 3(c)] patterns, the intensity dis-
tributions in the y-z and x-z planes were the same or es-
sentially the same; therefore, in these cases, only the data
for the y-z plane were reported here. If the projected views
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Fig. 7. Assessment of the intensity distributions for the single focus mode associated with regular arrays: a) 256 elements, each 5 mm in
diameter, distributed on the shell in a square pattern [Fig. 3(a)]; b) 1024 elements, each 2.5 mm in diameter, distributed on the shell in
a square pattern [Fig. 3(b)]; and c) 255 elements, each 5 mm in diameter, distributed on the shell in an annular pattern [Fig. 3(c)]. The
frequency is 1.5 MHz. The quality levels are A grade (•), B grade (◦), C grade (×), and D grade (⊗).

of the array structure from location of the focus were dif-
ferent, as in the case of the hexagonal array, the intensity
distributions in the y-z and x-z planes were also different
[Fig. 8(a and b)]. The best performance among the regular
arrays of 255 or 256 elements was that associated with the
annular pattern [Fig. 7(c)]; the poorest was that associated
with the square pattern [Fig. 7(a)].

The performance of the 1024 2.5-mm element square
array [Fig. 7(b)] was considerably inferior to that of the
1.5-MHz, 256 5-mm element random array [Fig. 5(b)] but
comparable with the 128 7-mm element random array
[Fig. 6(b)]. This implies that randomization of the ele-
ments in the array leads, in this case, to a six- to sevenfold
decrease in the number of elements (and driving channels)

that maintains approximately the same quality of intensity
distribution.

There was a marked difference in the character of the in-
tensity distributions associated with arrays with randomly
and regularly distributed elements. In the former only sec-
ondary intensity maxima outside the focal area were ob-
served [Fig. 4(a through d)], and grating lobes in the focal
plane occurred only in the intensity distributions of very
poor quality (data not presented). In the case of regular
arrays, relatively high intensities corresponding to grating
lobes were observed in the focal plane only.

The results of single focus studies show that if benefi-
cial effects of randomization are to be achieved, then the
sparseness of the random array should be within a limited
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Fig. 8. Assessment of the intensity distributions for the single focus mode associated with regular array of 256 elements, each 5 mm in
diameter, distributed on the shell in a hexagonal pattern [Fig. 3(d)]: a) shift of the focus in the y-z plane (Fig. 1) and b) shift of the focus
in the x-z plane. The frequency is 1.5 MHz. The quality levels are A grade (•), B grade (◦), C grade (×), and D grade (⊗).

Fig. 9. Classification of intensity distributions associated with generation of simultaneous multiple foci. Left: Grade I (I ≤ 30% Imax outside
the focal pattern). Center: Grade II (30% Imax < I ≤ 40% Imax outside the focal pattern). Right: Grade III (I > 40% Imax outside the
focal pattern). The intensity distributions (in the y-z plane) shown are for the 256 × 5-mm element random array with the central focus of
the 3× 3 coplanar multiple foci pattern at x = y = 0, z = 100 mm (left); x = y = 0, z = 110 mm (center); x = y = 0, z = 120 mm (right).
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Fig. 10. Summary of results of calculations and quality assessment of the intensity distributions associated with production of simultaneous
multiple foci. In each case, nine coplanar foci located on a 3 × 3 square grid with 4-mm spacing were produced. The coordinates shown
refer to those of the central focus in the pattern. a) 256 5-mm diameter elements randomly distributed [Fig. 2(a)]; b) 256 5-mm elements
distributed in a square pattern [Fig. 3(a)]; c) 255 5-mm elements distributed in a hexagonal array [Fig. 3(d)]; and d) 255 5-mm elements
distributed in an annular pattern [Fig. 3(c)]. In all cases the frequency was 1.5 MHz. The quality levels are grade I (solid diamond), grade
II (�) and grade III (∗).

range, approximately 40 to 70%. Increasing the level of
sparseness results in a decrease of radiated power and de-
terioration of the quality of the intensity distribution. De-
creasing the sparseness leads to an increase in the regular-
ity of the array structure with detrimental consequences.

The performance of the arrays reported here for the
single focus mode may be compared with sparse random
arrays discussed by Goss et al. [11]. They used an array
consisting of 108 elements (only 64 of which were acti-
vated at any one time), each 8 mm in diameter, driven at
a frequency of 2.1 MHz. The elements were mounted in a
hexagonal pattern on a section of a spherical shell of diam-
eter 100 mm and radius of curvature 102 mm. The sparse-
ness of the array was approximately 45%. It was shown
theoretically that when the array was focused at the ge-
ometrical center of the shell, the intensity in the grating
lobes in the focal plane was 0.13 Imax. When the array was
focused 5 mm off its central axis, this level was increased
to 0.6 Imax. In experimental measurements, these levels
were as high as 0.38 Imax and 0.9 Imax, respectively. Goss
et al. [11] investigated the effect of randomly locating the

elements on the shell and showed theoretically that the
expected level of the intensity in grating lobes in the focal
plane would be, in this case, 0.04 Imax with no steering
and 0.16 Imax for steering of ±5 mm. Such a modest ef-
fect of randomization achieved in [11] might be explained
by the fact that the ratio of the element diameter to the
wavelength was 11.2 in that study. Our results show that a
significant effect of randomization could be expected only
when the elements are not very directional (element diam-
eter/wavelength ∼ 0.5 to 5). Our estimations show that
increasing this ratio leads to a significant deterioration of
the intensity distributions with the existence of grating
lobes.

The results of investigations into the relative perfor-
mance of 4 1.5-MHz arrays [256 5-mm elements (random
pattern), 256 5-mm elements (square pattern), 255 5-mm
elements (hexagonal pattern), and 255 5-mm elements (an-
nular pattern)] used to produce a pattern of nine foci,
spaced from each other at 4 mm on a square 3 × 3 grid
in a focal plane reflected the general findings of the single
focus studies. In the case of the random array, the pattern
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Fig. 11. Intensity distributions calculated in the x-y plane at a range z = 100 mm for a 3× 3 coplanar pattern of foci separated by 4 mm.
The upper graphs are for the central focus in the pattern located at 0, 0, and 100 mm, and the lower graphs are for when it is located at 0,
10, and 100 mm. a) 256 5-mm elements randomly distributed; b) 256 5-mm elements distributed in a square pattern, c) 255 5-mm elements
distributed in a hexagonal pattern, and d) 255 5-mm elements distributed in an annular pattern.

of nine foci could be steered along the central axis from 76
to 104 mm and up to 10 mm off the central axis while main-
taining a grade I intensity distribution. These distances are
with respect to the co-ordinates of the centrally located
focus within the 3× 3 pattern. The performance was con-
siderably degraded when the elements were distributed in
either a square or a hexagonal pattern. In these cases, the
best performance was grade II, and this could be achieved
only over z values from 86 to 106 mm. With very few ex-
ceptions (for example 1 mm off axis at z = 100 mm for the
square array and up to 2 mm off axis at z = 100 mm for
the hexagonal array), any steering off the central axis pro-
duced a grade III intensity distribution, primarily because
of the production of secondary, contra-lateral foci in the
focal plane. The 255 elements distributed in the annular
pattern achieved intermediate performance with grade I
distributions produced when the multiple foci pattern was
centered from 81 to 99 mm along the central axis or up to
5 mm off axis. The nature of the problem encountered with
the square and hexagonal arrays is highlighted in Fig. 11.
The intensity distributions in the focal plane z = 100 mm
for the cases when the central focus in the 3 × 3 pattern
is either on the central axis or steered off it by 10 mm are
both grade III for these arrays [Fig. 11(b and c)]. In the
latter case, the intensity values in the grating lobes can
be comparable or even higher than in the main lobes. The
corresponding intensity distributions for the random and
annular arrays [Fig. 11(a and d)] are grade I.

The intensity distributions for multiple foci mode op-
eration were sensitive to the phase values chosen at the
foci locations. The phase rotation used here (Table I) was
chosen empirically. In another study of phased arrays for
ultrasound surgery in which coplanar regular arrays of foci
were produced, phases of the complex pressures at the lo-
cations of neighboring foci were rotated in other patterns
[6], [9]. Improved performance might be achieved if an op-
timization method is adopted. One method that optimizes
the gain has been described [28], but it does not minimize
acoustic interference in the near field [9]. The separation
between multiple foci of 4 mm used here was not opti-
mized in any way but is comparable with those found to
be practical in other studies [6]-[8].

Although the data on multiple-foci presented here only
refer to nine coplanar foci placed on a 3×3 grid with spac-
ing of 4 mm, other patterns were considered. Generation of
larger patterns such as 5×5 lesions with 2.5-mm separation
and 7×7 lesions with 2-mm separation was associated with
decreased differences between array performances and a
higher frequency of grade III intensity distributions. The
f-number (radius of curvature of shell/diameter of array)
of the array modeled here was 120 mm/110 mm = 1.09
and was slightly greater than those of some other arrays
discussed in the literature, which were in the range from
0.8 to 1.02 [7], [8], [11]. Fan and Hynynen [6] have shown
that use of an array with a large f-number can exasper-
ate near-field heating, and, therefore, further optimization
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of array performance might be achieved by reducing the
f-number.

The work presented here is an initial study of the pos-
sible advantages for ultrasound surgery offered by random
phased arrays. It has highlighted the reduction in grating
lobes achievable by degrading the regularity of the loca-
tions of the elements on a spherical shell for arrays of sim-
ilar apertures and effective areas. The results obtained for
single foci imply that time-averaged intensity levels associ-
ated with scanning of a single focus may be reduced. These
general intensity-based advantages appear to be true for a
moderate-sized simultaneous multiple foci pattern. More
definitive future studies involving the prediction of tem-
perature fields and thermal dose distributions, such as
those reported for regular arrays [6]–[8] appear to be war-
ranted. These might address optimization of the number
and separation of multiple lesions, the duration of the ul-
trasound pulses, and the time between them; the f-number
and sparseness of the array for particular target sizes and
depths will be needed to determine the practical advan-
tages that random arrays may offer. Assessment of the
quality of thermal dose distributions, analogous to the as-
sessments of intensity distributions described previously,
and referenced to the threshold level for tissue necrosis
[8], may prove useful in such studies. Criteria that might
be considered are exclusion of thermal doses above the
threshold value for tissue necrosis outside of the targeted
area or volume for safety reasons, presence of thermal dose
values in excess of the threshold value by a moderate fac-
tor (e.g., 20-fold as [8]) to reduce the risk of non-necrosis,
and exclusion of thermal dose values considerably in excess
of the threshold value (e.g., 1000-fold, 10 000-fold, etc.) to
avoid unnecessary energy delivery from the array.

V. Conclusion

The results of this study suggest that a random dis-
tribution of elements on a spherical shell leads to marked
improvement of the performance of the array, in terms of
the intensity distribution, compared with cases in which
regular annular, hexagonal, or square packing is used. As
an example, when used to produce a single focus, a ran-
dom array of diameter 110 mm consisting of 256 circu-
lar elements of 5-mm diameter driven at 1 to 1.5 MHz
and placed on a spherical shell of the radius of curvature
120 mm was predicted to provide good performance in
terms of intensity levels in grating lobes or pre-focal re-
gions. The results obtained for the single focus mode also
suggest that comparable performance with a regular array
can be achieved while providing a several-fold reduction in
the number of elements used. Finally, it was shown that
array performance in producing and steering a co-planar
square multiple foci pattern, assessed in terms of intensity
distributions, is dependent on the degree of order in the
array structure. The random array performed better than
an array of elements arranged in concentric rings; both
performed considerably better than arrays in which the
elements were arranged in square or hexagonal patterns,

primarily because of reduced presence of grating lobes in
the focal plane.
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