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We have numerically analyzed the earlier calculation method for vibration ve-
locity distribution on the surface of an ultrasound transducer, revealed possible
errors of the technique, and determined the optimal operational parameters.
We have also investigated the dependence of calculation accuracy on possible
experimental errors, and developed recommendations on how to select opera-
tional parameters in order to improve the precision.

PACS: 43.35.Bf, Yb

1. Introduction

Ultrasound in liquids is conventionally gener-
ated by piezoelectric-plate vibrators. The radiated
acoustic field is most usually calculated by an ap-
proximate method using the Rayleigh integral be-
ing a mathematical expression of the Huygens-
Fresnel principle [1]. According to the latter, each
point of the radiating surface is considered a point
source of secondary waves. The acoustic pressure
in a given point is expressed as a superposition of
spherical waves with amplitudes proportional to
normal velocity components at the corresponding
points of the radiating surface. However, thickness
fluctuations in piezoelectric plates are accompa-
nied by other hard-to-control modes, in particular,
Lamb waves [2, 3]. As a result, the distribution of
the normal velocity along the source surface is ac-
tually unknown, and accurate calculation of the
source fields becomes impossible. This makes it
important to develop new methods to find the na-
ture of piezoplate surface vibrations. There are sev-
eral possible solutions to this problem.

© 2003 by Allerton Press, Inc.

As for source surface vibrations in air, their vib-
rational velocity is conventionally directly meas-
ured using an optical interferometer. This method
provides high spatiotemporal resolution. However,
such measurements in a liquid are complicated by
strong acousto-optical interaction [2].

There are indirect methods for the calculation
of the vibrational velocity of particles in space by
the measured distribution of the acoustic pressure
in a plane. One of them is the angular spectrum
method allowing one to calculate acoustic field
propagation between parallel planes. Currently,
this technique also allows one to take into account
nonlinearity, absorption, dispersion, refraction, and
phase distortion effects [4]. A disadvantage of this
technique is the necessity of field measurements
and calculations at plane surfaces. In addition, the
field reconstruction at each source point requires
double calculation of the double integral, which
complicates the calculation and increases the time
it takes.

The equivalent phased array method considered
in [3] is as follows. The source is discretized into a
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great number (V) of elements; in other words, it is
replaced by a phased array, and the Rayleigh inte-
gral is written as the matrix product P =HV. To
determine the complex amplitudes at the sources
(column V), one is to measure the pressure (col-
umn P) at not fewer than N points of a plane ar-
ranged in front of the source. The method requires
the highest accuracy of pressure measurements and
is extremely dependent on noise and shifts [5]. In
addition, numerical inversion of matrix H takes
significant time (up to 10 h).

In the method of superposition of Gaussian
beams, the wave is represented as a sum of basis
Gaussian beams with different radii. The central
problem is to determine their parameters. The ad-
vantage of this method is the possibility it offers to
approximate the fields by very few basis beams,
which significantly simplifies the procedure of
field estimation in ultrasonic diagnostics problems.
However, the method is restricted to axially sym-
metric fields and may feature significant disagree-
ments to the experiment in the near field.

The wave phase conjugation (WPC) method
(discussed in [6]) is based on the invariance of the
wave equation with respect to the time reversal (in
an inhomogeneous medium without absorption).
For any field P(r,?), there is counterpropagating
field P(r,—1) collected at sources as if the time ran
backward. If the field is measured on a closed sur-
face surrounding the sources and then reradiated
with WPC, the waves will propagate towards the
source and reconstruct the initial distribution. In
the experiment, the sources may be surrounded by
an array of sources, measure and memorize the
temporal dependences of the wave amplitude and
phase; then the field may be reradiated with time
reversal. In practice, several hundred elements ar-
ranged in a bounded region are used. Currently, the
WPC methods using the medium natural nonlinear-
ity are also employed.

The back propagation method developed in
[7-10] and used in this study differs from the WPC
method by the fact that the wave phase is conju-
gated numerically, rather than by reradiation. First,
the field distribution is measured on a plane ar-
ranged in front of the source (conventionally, using
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a hydrophone, over a large number of points).
Then the wave phase is numerically conjugated
and used to calculate the field distribution over the
source. In this work, we theoretically study and
experimentally check the potentials of this method
by analyzing possible errors and searching for the
optimal parameters of the problem. We also study
the dependence of the reconstruction accuracy on
possible experimental errors.

2. Description of the method

We consider a spherical source placed on the
surface Z; (see Fig. 1). The acoustic perturbations
radiated by it propagate mostly to the right. We also
consider a closed volume bounded by the radiating
surface Z;, the plane region X, and the lateral sur-
face AZ. The concept is as follows. Let the region
Z, have much larger diameter than the source.
Then, placing a mirror to conjugate the wave phase
instead of plane X, we collect the reflected wave at
the source, thus reconstructing the field. This wave
property follows from the fact that the wave equa-
tion is invariant with respect to the time reversal
operation ¢t — —1. Strictly speaking, the result will
be exact if the mirror conjugating the wave phase
is placed not only in plane Z,, but also on lateral
surface AY and on source surface X, itself. How-
ever, the contribution of AZ can be neglected if the
solid angle encompassing the source is small. The
contribution from surface Z; is small if the surface
is close to the plane. Therefore, the acoustic pres-
sure measurements in plane 2, may be considered
sufficient to reconstruct the field at the source. The
corresponding equations are given in [7].

As an example, we estimate the accuracy of the
method and the selection of optimal parameters for
the radiator used in [7-10]: the diameter is D=
10 cm, the focal length is F = 20 cm, the generated
signal frequency is f= 1 MHz, and the velocity of
sound in water is ¢g = 1490 ms.

We will simplify the notions used as follows:

" “velocity” is the reconstructed distribution of the

complex amplitude of the normal component of the
vibrational velocity vector on the ultrasonic source
surface, “pressure” is the calculated or measured
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Figure 1. Geometry of the problem.

distribution of the acoustic pressure complex am-
plitude over the reference plane, and “reference
plane” is an auxiliary area of the plane perpendicu-
lar to the acoustic axis of the ultrasonic source. In
this area (singled out in Fig. 1) of plane Z, the
pressure is measured or calculated.

To calculate the velocity reconstruction errors,
we created multipurpose Delphi code designed to
(i) calculate the pressure distribution over the ref-
erence plane by a given velocity distribution on the
source surface, (ii) calculate the velocity distribu-
tion on the spherical source surface by a given pres-
sure distribution over the reference plane, (iii) set
various parameters of the problem, (iv) calculate
the velocity measuring errors, (v) enter errors into
the problem parameters, and (vi) study the varia-
tions of the velocity reconstruction results. In the
calculations, the source was supposed to be axi-
symmetrical; that is, the velocity at the source and
the field generated by the source depended only on
the distance to the axis 0z.

3. Search for the optimum parameters
of the problem

To reconstruct the vibrational velocity distribu-
tion on the source surface by a known pressure
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distribution as accurately as possible, the meas-
urements and calculations are to be carried out at
optimum parameters of the problem. To find these
parameters, the error was minimized by three pa-
rameters: (i) the number of points N, over the
transverse coordinate along the reference plane, at
which the acoustic pressure is calculated, (ii) the
reference plane position Zp, and (iii) its size Xmax.

The accuracy was studied by comparing a ref-
erence velocity distribution (piston distribution, at
which the velocity is constant along the source sur-
faces and is zero outside of it) with the distribution
calculated by the code. First, the pressure on the
reference plane was numerically calculated using
the Rayleigh integral on the basis of the piston dis-
tribution. Then the pressure distribution found was
used to reconstruct the velocity at the source,
which differed from the initial piston distribution
by the error of the method. The reconstruction
accuracy was characterized by the root-mean-
square deviation o of the calculated velocity
amplitude from the initial piston amplitude. Since
the velocity drastically changes at the source edge
due to initial piston distribution, a small vicinity
(10 %) of the source rim was excluded from the
error calculation.

In the study of the dependence of o on X, the
reference plane subinterval was taken rather small,
H = Xnax /N, = 0.05 c¢m, in order to exclude the cor-
responding error. Small X, resulted in significant
distortions in the reconstruction of the initial piston
velocity distribution, since only the paraxial region
of the field was included in the calculation. As
the calculation showed, the best reconstruction ac-
curacy was reached at X.,,x = 10 cm. The error o
was virtually independent of Xy, as it further in-
creased. To decrease the number N, of measure-
ment points, we took X, = 10 cm. The calculation
showed that the diameter of the measurement re-
gion is to be in general larger than the beam cross
size by an order of magnitude in order to cover the
whole field.

When the whole beam is covered (rather large
Xmax), the reconstruction can be inaccurate because
of an insufficiently short measuring step H (insuf-
ficient number N, of points of division in the refer-
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Figure 2. Dependence of the calculation errors o on problem parameters N, and Z,.

ence plane). Figure 2a shows the dependence of
the error 6 on N, at Xp,,x = 10 cm and various Z,.
One can see that the measurement accuracy is the
best at N, > 100. Therefore, N, = 100 can be used
as an optimum parameter.

At given X, and N, the reconstruction accu-
racy also depends on the position of the reference
plane. This is illustrated in Fig. 2b. The figure
shows the dependence of the error o on the refer-
ence plane position Zy at N,=100 and various
Xmax. As the reference plane is placed near the
source, the error increases, since the field distribu-
tion is wide and strongly irregular: the characteris-
tic spatial scale of the wave amplitude nonuni-
formity is of the order of AZy2D, where A is the
wavelength. Therefore, a larger measurement win-
dow and a short step, hence many points, are nec-
essary. This makes measurements near the source
inconvenient. Measurements far beyond the focus
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are also inexpedient, since the wave parameters
can be distorted there by absorption and acoustic
nonlinearity of the medium.

In the focus itself, the distribution is very nar-
row; therefore, a very short step is required to pro-
vide good reconstruction accuracy. If the hyd-
rophone size and the positioning system step are
sufficiently small, the reconstruction by the field
measured in the focus yields good accuracy. An
analysis showed the focus vicinity to indeed fea-
ture smaller errors at the setup parameters we used;
however, the optimum position of the reference
plane corresponds to the prefocal region, rather
than the focus itself.

One can see in Fig. 2b that the measurement ac-
curacy is the best at Zy =16 cm with o virtually
independent of X, at this point. Therefore, we
accepted Zo=16cm to be the last optimum pa-
rameter. Thus, the optimum parameters for the case
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under consideration were found to be as follows:
Ny =100, Xmax =10cm, and Zy =16 cm. The re-
construction error did not exceed 1 %.

Thus, the velocity reconstruction accuracy sub-
stantially depends on many parameters; therefore,
numerical simulation is to be carried out before
measurements.

Our accuracy measurement was carried out in a
one-dimensional configuration with axial field
symmetry. In the case of two-dimensional configu-
ration, the dependence of the reconstruction accu-
racy on various parameters was not so thoroughly
studied, since the calculations take time longer by
an order of magnitude. However, the general con-
clusions remain valid. Two-dimensional calcula-
tion can also provide sufficiently high accuracy of
the velocity reconstruction. For example, at Z =
15 cm, Xmax =3 cm, and 40%40 points over the
pressure and velocity, the error estimated by our
technique did not exceed 2 %.

4. Impact of experimental errors
on the velocity reconstruction accuracy

In practical experiments, the factors influencing
the velocity reconstruction accuracy are not only
the selection of Np, Xmax, and Zg, but also pressure
measurement errors (receiving channel noise), in-
accurate knowledge of the reference plane position
and inclination angle, and the velocity of sound in
the medium. To reveal the impact of these errors
upon the reconstruction accuracy, a numerical
study was carried out. As in the search for the op-
timum parameters, first the pressure complex am-
plitude P, was calculated from the piston velocity
distribution, using the reference plane position Z,
and the velocity of sound ¢ in the medium, Then,
the pressure distribution determined was used to
reconstruct the velocity at the source, but now us-
ing the inaccurate parameters: Zo+ dZy, ¢+ dco,
and Py + dPy, where dZ,, dcy, and dP, are artifi-
cially introduced small perturbations. The velocity
calculated in this way was compared to the piston
distribution; thus, the reconstruction error o was
determined. The calculation involved the optimum
problem parameters previously obtained.
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The study showed that when the reference plane
position is inaccurately specified, the size of the re-
constructed velocity distribution, that is, the visible
source size, increases at dZg > 0 and decreases at dZ,
<0. In this case, the distribution amplitude de-
creases at dZy>0 and increases at dZ;<0. The phase
of the reconstructed velocity also appreciably chan-
ges. Similar results were obtained when the veloc-
ity of sound in the medium was set incorrectly.

The pressure measurement accuracy is affected
by noise of the receiving channel (hydrophone,
preamplifier, coaxial cable, and oscilloscope). An-
other factor is the finite size of the sensitive region
of a needle hydrophone. Thus, the code recon-
structs the velocity distribution over the source by
the inaccurate pressure distribution. To study the
impact of noise of the receiving channel, small
random complex additions with a distribution func-
tion homogeneous over the given interval were
introduced into the numerically calculated pressure
distribution. The numerical experiment showed
that noise of the receiving channel have a signifi-
cant effect on the velocity reconstruction accuracy.
If the noise effect is neglected, it is expedient to
make the pressure measurement region sufficiently
large in order to cover the whole field. The noise
changes the situation, since the signal-to-noise ra-
tio at the beam edges becomes low at an excessive
increase of the measurement region size Xpa,, and
these regions introduce significant distortions dur-
ing the reconstruction. The optimum size X, of
the region of pressure measurement may be se-
lected by numerical simulation.

In pressure measurements, it is important to
know the inclination angle of the reference plane in
order to correctly reconstruct the velocity. The im-
pact of the inclination angle error is illustrated in
Fig. 3 showing the results of measurement. The
experimental setup is described in [1]. The pres-
sure was measured (see Fig. 3a) in the reference
plane, the normal to which was inclined by 4° with
respect to the acoustic beam axis. To make this er-
ror in the experiment is very easy. Then the veloc-
ity at the source was reconstructed, supposing the
reference plane was not inclined. The distribution
amplitude remained symmetric, but was slightly
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Figure 3. Pressure measured at the inclined plane and the velocity calculated at the source (see text).

displaced to the right (Fig. 3b). The wave front was
also appreciably inclined (Fig. 3c). Using the code
for velocity calculation, the inclination angle of the
measurement plane can be selected so that the re-
constructed velocity phase acquire spherical sym-
metry (Fig. 3f), and the amplitude distribution be
shifted towards the center (Fig. 3e¢). Thus we de-
termine the true angle of the reference plane incli-
nation to the source. This technique allows one to
find the inclination angle to the accuracy of 0.1°,
hence compensate for the error caused by setting
the inclination angle of the measurement plane.

5. Conclusion

The accuracy of the method of the vibrational
velocity reconstruction at the acoustic radiator sur-
face has been numerically and theoretically stud-
ied. The reconstruction accuracy was shown to
substantially depend on a variety of parameters;
therefore, numerical simulation is to be carried out
before measurements. The impact of noise of the
receiving channel, various experimental errors,
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errors caused by setting the velocity of sound in
the medium, and the errors in the position and the
inclination angle of the pressure measurement
plane have been studied. We give certain recom-
mendations on the selection of the problem pa-
rameters with the purpose to diminish experimental
errors. The method has been shown to be highly
accurate in velocity reconstruction at correspond-
ing parameters and reasonable measurement time.

The work was supported by RFBR Project 02-
02-17029 and CRDF Grant RP2-2384-MO-02.
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