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ABSTRACT:
The nonlinear parameter of ultrasound B/A has shown to be a useful diagnostic parameter, reflecting medium

content, structure, and temperature. Despite its recognized values, B/A is not yet used as a diagnostic tool in the

clinic due to the limitations of current measurement and imaging techniques. This review presents an extensive and

comprehensive overview of the techniques developed for B/A measurement of liquid and liquid-like media (e.g., tis-

sue), identifying the methods that are most promising from a clinical perspective. This work summarizes the progress

made in the field and the typical challenges on the way to B/A estimation. Limitations and problems with the current

techniques are identified, suggesting directions that may lead to further improvement. Since the basic theory of the

physics behind the measurement strategies is presented, it is also suited for a reader who is new to nonlinear ultra-

sound. VC 2021 Acoustical Society of America. https://doi.org/10.1121/10.0003627
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I. INTRODUCTION

In the last several decades, ultrasound propagation has

been treated as a nonlinear phenomenon (Duck, 2002). The

importance of nonlinear propagation effects has been recog-

nised in medical ultrasound for predicting/modelling heat

deposition in tissue, relevant for safety regulations, as well

as defining optimal settings for high-intensity focused ultra-

sound therapy (Carstensen et al., 1980; Cartersen, 1998;

Duck and Starritt, 1983; Filonenko and Khokhlova, 2001;

Ginter et al., 2002; Goss and Fry, 1981; Jackson et al.,
2013; Muir and Carstensen, 1980) and lithotripsy

(Cleveland and McAteer, 2007). In addition, tissue har-

monic imaging has found wide application, improving the

resolution of images with respect to those obtained in funda-

mental mode (Burns et al., 2000; Ma et al., 2005; Shen and

Li, 2001; Zhang and Gong, 2006). Furthermore, stemming

from a different underlying mechanism, contrast agents

have become a useful tool in the clinic, generating a strong

nonlinear signal when isonified and allowing for the extrac-

tion of information about vascular perfusion and dispersion

(Panfilova et al., 2019; van Sloun et al., 2017).

Apart from the established medical applications of non-

linearity, new ultrasound modalities for the quantification

of the parameter of nonlinearity (Madigosky et al., 1981)

B/A have been continuously developed for the last few

decades in an effort to bring it to the clinic. This parameter

characterizes the degree of nonlinearity of a medium. Studies

of aqueous solutions have concluded that B/A is influenced

by the chemical composition and molecular structure of the

solutes (Gong et al., 1993; Sarvazyan et al., 1990; Sehgal

et al., 1986a), and were found to be useful to assess the struc-

ture of silicone oil used in eye surgery (Zhe et al., 2014). It

has also been shown to be useful for tissue characterization,

demonstrating distinct values for fatty (Law et al., 1985),

malignant, healthy, and cirrotic tissue in the liver (Errabolu

et al., 1988; Gong et al., 1993; Sehgal et al., 1984; Sehgal

et al., 1986a). Since these different tissue conditions are also

associated with different compositions, several papers have

developed models defining B/A depending on the constituents

of the studied substance (Apfel, 1983; Everbach et al., 1991),

leading to works estimating tissue content from its B/A value

combined with additional parameters (e.g., speed of sound,

compressibility) (Apfel, 1986; Errabolu et al., 1987; Gong

et al., 1993; Sehgal et al., 1986a).

In studies with the same chemical composition, it was

shown that B/A increases with structural hierarchy of tissue

(e.g., intact liver vs homogenized liver) (Law et al., 1981,

1983; Zhang et al., 1991) and that B/A was sensitive to

structural changes in tissue caused by disease (Gong et al.,
1993; Zhang and Gong, 1999). Moreover, there have been

indications that B/A reflects the quasilattice structure of

water, i.e., the ratio of bound to unbound water molecules

(Sehgal et al., 1986b; Yoshizumi et al., 1987), altered in

malignant tissues (Chung et al., 2008; Nikolini et al., 1987)

and skin disease (Takenouchi et al., 1986).

B/A has also been used to quantify the nonlinear scatter-

ing properties of ultrasound contrast agents (Verboven,
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2017; Wu and Tong, 1998; Xia, 2019). From a different per-

spective, B/A is sensitive to temperature, increasing for most

liquids as the temperature increases (Khelladi et al., 2009;

Lu et al., 2001) and increasing as tissue is heated (Choi

et al., 2011; Jackson et al., 2014; Liu et al., 2008; Lu et al.,
2004; Sehgal et al., 1986a). Even though some works show

a small B/A increment when tissue is coagulated (Jackson

et al., 2014; Saito and Kim, 2011), others state the contrary

(Choi et al., 2011; Lu et al., 2004). Several works demon-

strated that the B/A profile in tissue follows the temperature

profile, generating images of the temperature distribution

through B/A (Ichida et al., 1983; Liu et al., 2008; Lu et al.,
2004) and suggesting B/A as a tool for high intensity focused

ultrasound (HIFU) treatment monitoring (Dongen and

Verweij, 2008; Varray et al., 2011b). Besides this, there is

evidence that some tumors exhibit an increased temperature

compared to surrounding parenchyma (Fear et al., 2002),

and that glucose administration is able to raise their temper-

ature by 7 �C (Jain et al., 1984), suggesting that the tempera-

ture distribution may help to identify tumor location. This

body of evidence fortifies the motivation to develop B/A
measurement methods, whether it is for assessment of bio-

logical liquids or nonlinear imaging aimed at tissue diagno-

sis or temperature monitoring.

It was demonstrated that B/A is proportional to the

change of sound speed accompanied by an adiabatic change

in pressure [Eq. (4)]. This dependency forms the basis of the

thermodynamic method for measuring B/A (Beyer, 1960;

Everbach and Apfel, 1995; Lu et al., 1998; Sehgal et al.,
1984; Zhang and Dunn, 1991; Zhu et al., 1983). In this

framework, one records speed of sound changes in the sub-

stance when it is subjected to different static pressures. This

method is considered to be accurate (Everbach and Apfel,

1995; Hamilton and Blackstock, 1998; Zhang and Dunn,

1991); however, it is also the most cumbersome, requiring a

temperature controlled environment and a special cell,

where the pressure can be varied. This technique can only

yield a single, averaged B/A value for the whole bulk of the

studied medium.

The method for aqueous solutions observes the subtle

B/A changes for varying solute concentrations of biological

compounds (Chalikian et al., 1992; Sarvazyan et al., 1990).

Modifying the setup for the thermodynamic method, the

inventors of the aqueous solution method enabled accurate

velocity measurement for a small sample volume of 1 mL

and derived an equation with differential parameters

between the solution and the solvent, rather than absolute

values. Keeping the main disadvantages of the thermody-

namic method, this technique is the most accurate of all B/A
measurement methods.

The finite amplitude method (FAM) exploits the depen-

dency of the speed of sound on B/A and the excess medium

density (or particle velocity, or excess pressure). Due to this

dependency [Eq. (5)], the peaks of the sinusoidal US wave

travel faster than the valleys. This leads to nonlinear distor-

tion of the wave, equivalent to the generation of higher har-

monics in the frequency spectrum. Consequently, nonlinear

attenuation of the wave increases due to energy transfer

from the fundamental component to the higher harmonics,

which experience stronger attenuation than the fundamental.

This way, the energy of a nonlinear wave is attenuated to a

higher extent than that of a small-signal linear wave. FAMs

exploit all these alterations, quantifying distortion through

direct observation of the wave profile (Hunter et al., 2016;

Mikhailov and Shutilov, 1959; Takahashi, 1995), through

harmonic content (Adler and Hiedemann, 1962; Beyer,

1960; Fujii et al., 2004; Gong et al., 1989; Law et al., 1985;

Liu et al., 2008; Shklovskaya-Kordi, 1963; Varray et al.,
2011b; Wallace et al., 2007; Zhang and Gong, 1999; Zhang

and Dunn, 1987) or by observing nonlinearly induced atten-

uation (Byra et al., 2017; Hikata et al., 1980; Kashkooli

et al., 1987; Nikoonahad and Liu, 1989). This family of

methods counts the largest number of publications of all.

Even though FAMs are less accurate than the thermody-

namic method, they require a much simpler measurement

setup and have high potential for a clinical application,

enabling B/A tomography for in-transmit measurements and

a few echo-mode imaging strategies.

The parametric array method requires transmission of

two, typically collinear, beams that generate secondary

waves at the sum and difference frequencies. The amplitude

of these waves is proportional to the medium B/A (Barrière

and Royer, 2001; Bereza et al., 2008; Nakagawa et al.,
1984; Zhang et al., 2001a). The secondary beams are nar-

row, less prone to diffraction than those observed with

FAM, and do not have side lobes. Parametric array tomogra-

phy allows for higher resolution, compared to finite ampli-

tude tomography (Gong et al., 2004; Wang et al., 2003). No

echo-mode imaging has been performed with this method.

The pump wave method registers the speed of sound

change of a low-amplitude high-frequency wave when

another high-amplitude low-frequency wave modulates the

pressure in the medium (Ichida et al., 1983; Kato and

Watanabe, 1994; Sato et al., 1985). Uniquely, this method

allows for a reconstruction of the B/A profile along the path

of the low-amplitude high-frequency wave from a through-

transmission measurement. A particular case of this method,

the second order ultrasound field technique (SURF), has

been utilized to acquire echo-mode images representing the

B/A distribution (Fukukita et al., 1996; Kvam et al., 2019b).

The method of phase conjugated beams (Krutyansky

et al., 2007; Preobrazhensky and Pernod, 2003) utilizes a

wave phase conjugater to reverse the beam insonating it

and reradiate its amplified version back to the source. The

amplitude of the harmonics of the reradiated beam reflects

the B/A of the propagation medium. Phase conjugation pro-

vides the unique capability to compensate for phase distor-

tion of the wave and achieves high-quality retrofocusing.

Only C-scan images of isoechogenic phantoms have been

acquired with this method. The possibility of echo-mode

imaging is excluded.

The vast body of literature devoted to nonlinear ultra-

sound has already provided material for several review

papers. Beyer (1973), Duck (2002), Hamilton and
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Blackstock (1998), Muir and Carstensen (1980) discuss the

origins of nonlinearity and the way it manifests itself with

further consequences in practical applications. Some of

these (Beyer, 1973; Hamilton and Blackstock, 1998) intro-

duce separate equations for different states of matter: gas,

liquid, and solids. Hamilton and Blackstock (1998) and

Naugolnykh (2009) wrote historical reviews on the evolu-

tion of nonlinearity in ultrasound. Zheng et al. (1999)

wrote a review on material characterization with the help

of nonlinear acoustics, devoting a significant portion of it

to solids. (Bjørnø, 1986, 2005, 2010; Hamilton and

Blackstock, 1998; Zhang and Gong, 2006) are review

papers that summarize the progress in B/A measurement

methods either over a short time span, devote their atten-

tion mainly to a specific measurement strategy, or provide

a brief general overview of the main concepts of the

existing methods. A concise review of most techniques for

B/A measurement has been given by Sato and Yamakoshi

more than 30 years ago (Sato and Yamakoshi, 1986).

Varray et al. (2011a) presented a review of FAMs that

have the potential to be extended to echo-mode regarding

the parametric array and pump wave method as one of the

above.

This review aims at presenting an extensive and

comprehensive up to date overview of B/A measurement

and B/A imaging methods of liquids and liquid-like media

(e.g., tissue). Importantly, it gives more focus to methods

that are relevant for a medical application and discusses the

most common pitfalls in this context. By identifying blind

spots and limitations we aim at suggesting directions of

research that may bring B/A to the clinic. This review paper

is further separated into the following sections: Sec. II, theo-

retical background; Sec. III, Thermodynamic method; Sec.

IV, method for aqueous solutions; Sec. V, FAM; Sec. VI,

parametric array; Sec. VII, pumping waves; Sec. VIII, phase

conjugate beam, and Sec. IX, conclusion.

Section II explains the origin of B/A, presents the most uti-

lized wave equations of nonlinear acoustics, and gives a short

overview of the main B/A measurement groups of methods.

The sections devoted to various methods (Secs. III–VIII) start

with a short introduction of the governing equations and the

first published works, followed by the resulting developments,

subdivided depending on the adopted measurement strategies.

In cases where this has been accomplished, the sections are

concluded with studies that presented B/A images. Since the

review introduces the basic theory required to understand

the physics behind the presented measurement strategies, it is

also suited for a reader who is new to nonlinear ultrasound.

II. THEORETICAL BACKGROUND

A. B/A origin

An ultrasound wave consists of a series of compressions

and rarefactions. Linear acoustics views density as linearly

dependent on pressure. However, this is an approximation,

and ultrasound propagation, in general, is a nonlinear pro-

cess. The adiabatic equation of state expresses the pressure-

density relation with the Taylor expansion series (Beyer,

1960; Coppens et al., 1965; Hamilton and Blackstock,

1998),

P ¼ P0 þ q0

@P

@q

� �
0;s

q� q0

q0

þ q0
2

2

@2P

@q2

 !
0;s

q� q0

q0

� �2

þ � � � : (1)

Here, P and P0 are instantaneous and hydrostatic pressures,

q and q0 are instantaneous and equilibrium densities of the

medium under investigation and the partial derivatives

are taken about the equilibrium state (indicated by the

subscript 0) and constant entropy (indicated by subscript s).

One can define

A ¼ q0

@P

@q

� �
0;s

¼ q0c0
2; (2)

where c0 is the small-signal speed of sound, and

B ¼ q0
2 @2P

@q2

 !
0;s

; (3)

making

B

A
¼ q0

c0
2

@2P

@q2

 !
0;s

¼ q0

c0
2

@c2

@q

 !
0;s

¼ 2q0c0

@c

@P

� �
0;s

:

(4)

The relative importance of second-order nonlinear effects to

linear effects can be expressed with the nonlinear parameter

B/A or the alternative nonlinear coefficient (Varray et al.,
2011a), expressed as b ¼ 1þ ðB=2AÞ for liquid and liquid-

like media (e.g., tissue).

As stated previously (Beyer, 1973; Hamilton and

Blackstock, 1998), one may differentiate Eq. (1) by q and,

by substituting the speed of sound c2 ¼ ð@P=@qÞs, obtain

c

c0

¼ 1þ B

2A

q� q0

q0

� �
¼ 1þ B

2A

u

c0

(5)

for a plane progressive wave, illustrating that the local speed

of sound c is dependent on B/A and u, the particle velocity.

The former is an oscillating disturbance, induced by ultra-

sound propagation. This explains the origin of accumulating

wave distortion, leading to saw-tooth waves: the compres-

sional part of the wave (the high density region, with posi-

tive particle velocity and positive excess pressure) travels

faster than the rarefractional part, contributing to wave dis-

tortion proportionally to B/A.

Tables I and II summarize the measured B/A values for

liquids and animal tissues. As one can see, at atmospheric

pressure and room temperature B/A is in the range of 5–11

for most liquids and liquid-like media.
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B. Main wave equations

To obtain the equations governing the propagation of

ultrasound waves in fluid homogeneous media one may

refer to the equation of motion, the continuity equation, the

heat transfer equation, and the equation of state [Eq. (1)]

(Naugolnykh and Ostrovskii, 1998). For an ultrasound

wave, together these equations describe the relationship

between the spatially varying quantities of pressure, particle

velocity, density, as well as heat transfer, related to loss.

When these equations model ideal fluid (lossless fluid) and

only linear terms are kept, one may derive the well-known

wave equation Crocker (1997),

@2Pðz; tÞ
@z2

� 1

c0
2

@2Pðz; tÞ
@t2

¼ 0; (6)

in one-dimensional (1D) space, where we chose to describe

the pressure variation P, dependent on the coordinate z and

TABLE I. Liquids. This table presents B/A values of some pure liquids at

atmospheric pressure and in a temperature range of 20 �C–30 �C. When sev-

eral studies are stated, all of them were included in the column “Studies”

and only one value was chosen to be stated in the column “B/A.”

Medium B/A Studies

Water 5.1 Beyer, 1960; Davies et al., 2000; Zhu et al.,

1983

Methanol 9.7 Lu et al., 1998

Ethylene glycol 9.9 Zhang and Dunn, 1991

Ethanol 10.4 Lu et al., 1998

Carbon tetrachloride 8.3 Davies et al., 2000; Zhu et al., 1983

Glycerol 10.1 Harris et al., 2007; Khelladi et al., 2009;

Zeqiri et al., 2015

Methanol 9.6 Coppens et al., 1965; Lu et al., 1998;

Plantier et al., 2002b

Glycerine 9.4 Mikhailov and Shutilov, 1960

Corn oil 11.4 Harris et al., 2007; Kujawska et al., 2003

Linseed oil 9 Kujawska et al., 2003

Silicone oil 11 Takahashi, 1995

Olive oil 10.7 Saito and Kim, 2011

Hyper-branched sili-

cone oil

8.5 Zhe et al., 2014

Linear silicone oil 9.7 Zhe et al., 2014

1-propanol 9.5 Banchet et al., 2000

1-butanol 9.7 Banchet et al., 2000; Saito and Kim, 2011;

Saito et al., 2005

Benzyl alcohol 10.4 Akiyama, 2000; Saito, 1993a; Saito et al.,
2005

1-pentanol 10.0 Banchet et al., 2000

1-hexanol 10.2 Banchet et al., 2000

1-heptanol 10.6 Banchet et al., 2000

1-octanol 10.7 Banchet et al., 2000

1-nonanol 10.8 Banchet et al., 2000

1-decanol 10.7 Banchet et al., 2000

N-butanol 11.2 Lu et al., 1998; Plantier et al., 2002b;

Shklovskaya-Kordi, 1963

1-propanol 10.3 Fukukita et al., 1996

N-propanol 10.7 Coppens et al., 1965; Lu et al., 1998

1,2-propanediol 11.5 Zorebski and Zorebski, 2009

Acetone 9.2 Coppens et al., 1965

TABLE II. Animal tissues and fluids.

Medium B/A Studies

Bovine liver 7.8 Dunn et al., 1982; Law et al., 1981

6.2–8 Law et al., 1985

8.1 Saito, 1993a

Homognized bovine

liver

6.8 Dunn et al., 1982; Law et al., 1981

7.2 Jackson et al., 2014

Beef brain 7.6 Law et al., 1985

Beef heart 6.7–7.4 Law et al., 1985

Homogenized porcine

liver

6.5 Kujawska et al., 2003

6.6 Gong et al., 1989

Porcine liver 7 Saito, 1993a

7.6 Choi et al., 2011

6.9 Gong et al., 1993

7.1, 6.9 Gong et al., 1989

7.2 Liu et al., 2008; Lu et al., 2004

6.5 Gong et al., 2004

6.8 Zhang and Gong, 1999

6.3 Zhang et al., 1996

Porcine liver 6.5 Wang et al., 2003

7.3 Zhang et al., 2001b

Pathologic porcine

liver

7.4–10.3 Gong et al., 2004; Gong et al., 1993;

Wang et al., 2003;

Zhang and Gong, 1999;

Zhang et al., 2001b;

Zhang et al., 1996

Porcine whole blood 6.3 Dunn et al., 1982;

Law et al., 1981

6.3 Gong et al., 1989

6 Kujawska et al., 2003
Porcine fat 10.9–11.3 Law et al., 1985

9.6 Saito, 1993a

10.8, 10.9 Gong et al., 1989

9.7 Liu et al., 2008

10.7 Zhang et al., 2001b

11 Gong et al., 2004

9.1 Zhang et al., 1996

11 Wang et al., 2003
Porcine muscle 7.5–8.1 Law et al., 1985

Porcine muscle 5.8 Lu et al., 2004

Porcine heart 7.1, 6.8 Gong et al., 1989

Porcine kidney 6.9, 6.3 Gong et al., 1989

Porcine kidney 7.1 Zhang and Gong, 1999

Pathologic porcine

kidney

7.1–8.1 Zhang and Gong, 1999

Porcine spleen 6.9, 6.3 Gong et al., 1989

6.9 Zhang and Gong, 1999

Porcine tongue 6.5, 6.8 Gong et al., 1989

In vivo cat liver 6.5–7.0 Zhang and Dunn, 1987

Cat liver 6.4–6.9 Zhang and Dunn, 1987

Human liver 6.5 Sehgal et al., 1984

Human breast fat 9.2 Sehgal et al., 1984

Human multiple

myeloma

5.6 Sehgal et al., 1984

Fresh human blood 6.0 Gong et al., 1989

Different kinds of

body fats

9.6–10.8 Errabolu et al., 1987

Human liver 6.3 Sehgal et al., 1986a

Pathologic human

liver

5.7–8.7 Sehgal et al., 1986a
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time t. When second order nonlinear effects are considered

[e.g., equation of state given in the form of Eq. (1)] and

propagation in three-dimensional (3D) space is addressed,

one can obtain the Westervelt equation (Westervelt, 1963),

r2P� 1

c0
2

@2

@t2
P ¼ � b

q0c0
4

@2P2

@t2
; (7)

where r2 ¼ @2=@x2 þ @2=@y2 þ @2=@z2 is the Laplacian.

The term on the right-hand of Eq. (7) models cumulative

nonlinear effects, while local nonlinear effects are neglected

here (Hamilton and Blackstock, 1998; Jeong et al., 2016),

implying that the Westervelt equation is valid at propagation

distances further than a few wavelengths from the source.

Equation (7) models sound propagation of plane waves or

quasi-plane waves, like directional beams (Devaney, 1980;

Hamilton and Blackstock, 1998) in homogeneous lossless

media. It was further expanded to include loss in a weakly

thermoviscous fluid (Hamilton and Blackstock, 1998;

Naugolnykh and Ostrovskii, 1998; Sapozhnikov, 2015;

Szabo, 1994b; Tjotta and Tjotta, 1981),

r2P� 1

c0
2

@2

@t2
P ¼ � d

c0
4

@3P

@t3
� b

q0c0
4

@2P2

@t2
; (8)

where d ¼ 2c0
3a=x2 is sound diffusivity, proportional to a,

the attenuation coefficient. Importantly, loss in a weakly

thermoviscous fluid assumes attenuation to be proportional

to the squared frequency of the wave f 2 (Hamilton and

Blackstock, 1998; Naugolnykh and Ostrovskii, 1998; Szabo,

1994b; Tjotta and Tjotta, 1981). This is valid for some

liquids (e.g., water, certain oils; Chanamai and McClements,

1998; Chavrier et al., 2006; Naugolnykh and Ostrovskii,

1998; Szabo, 1994a); however, most biological media

exhibit a nearly linear attenuation-frequency dependence

(Cai et al., 1992; Duck, 1990; Goss et al., 1979; Purrington

and Norton, 2012). Alternative time-domain equations exist,

incorporating arbitrary attenuation (Cai et al., 1992; Szabo,

1994b), more appropriate for, e.g., tissues. No exact analyti-

cal solution to the Westervelt equation exists. However,

expressions in the form of integrals have been obtained in

Jeong et al. (2016) for the case of weak nonlinearity with

the help of the Green’s function and when approximating

the source pressure as a sum of Gaussian beams (Wen and

Breazeale, 1988).

A somewhat simpler description of nonlinearity and

attenuation was provided by Zabolotskaya and Khokhlov

(1969) and Kuznetsov (1970). Derived from the same origi-

nal equations as the Westervelt equation, the Khokhlov-

Zabolotskaya-Kuznetsov (KZK) equation [Eq. (9)] makes the

additional assumption of the parabolic approximation that

holds for “acoustic sources which are many wavelengths

across and for field points that are not too close to the source

or too far off axis” (Jeong et al., 2016),

@2P

@s@z
¼ d

2c0
3

@3P

@s3
þ b

2q0c0
3

@2P2

@s2
þ c0

2
rtr

2P: (9)

Here, r2
tr ¼ @2=@x2 þ @2=@y2 is the transverse Laplacian

and s is the retarded time s ¼ t� ðz=c0Þ. The terms on the

right side of the equation from left to right represent wave

attenuation, nonlinearity, and diffraction effects (Zhao and

McGough, 2014). The diffraction effect describes the devia-

tion of the field from a plane wave, due to finite source

geometry and is somewhat elaborated on in Sec. V B 1. An

explicit solution to the KZK equation for the case of weak

nonlinearity has been derived in Froysa (1994), Jeong et al.
(2015), and Ji et al. (2011).

The simplest equation describing combined effects of

nonlinearity and thermoviscous loss is the Burgers equation

(Burgers, 1948),

@P

@z
� b

q0c0
3

P
@P

@s
¼ d

2c0
3

@2P

@s2
: (10)

It considers only plane progressive waves, and therefore,

does not account for the diffraction effects. Just as for the

Westervelt equation, another form of Eq. (10) can be

adopted for biological tissues and liquids, accounting for an

arbitrary frequency dependence of attenuation (Blackstock,

1985; Chavrier et al., 2006; Chen and Holm, 2004). The

lossless Burger’s equation is derived by setting the attenua-

tion coefficient a¼ 0 (and therefore d¼ 0) to zero,

@P

@x
� b

q0c0
3

P
@P

@s
¼ 0: (11)

The exact solutions to the lossy and lossless Burger’s equa-

tions are known, derived by Fubini-Ghiron (1935) and Keck

and Beyer (1960), respectively. These solutions are pre-

sented further in this review (Sec. V B). Unlike the Burgers

equation, the Westervelt and KZK equations are mainly

solved numerically, providing much more accurate predic-

tions of the pressure field (Demi et al., 2011; Doinikov

TABLE II. (Continued)

Medium B/A Studies

Human whole blood 6.3 Xu et al., 2003

Bovine serum albu-

min solutions (various

concentrations)

5.2–7.4 Dunn et al., 1982; Law et al., 1981,

1985; Zhu et al., 1983

Hemoglobin solutions

(various

concentrations)

5.2–7.7 Dunn et al., 1982; Law et al., 1981

Milk 5.1, 5.9 Gong et al., 1989

Egg yolk 8.9 Zhang et al., 1996

8.3 Zhang et al., 2001b

9.1 Errabolu et al., 1987

9.5 Saito, 1993a

Egg white 5.8 Saito, 1993a

6.4 Zhang et al., 1996

6.3 Zhang et al., 2001b

5.2 Errabolu et al., 1987
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et al., 2014; Purrington and Norton, 2012; Zhao et al.,
2014). At the same time, solutions of the Burgers equation

provide simple formulas for the fundamental and higher har-

monic pressures. Diffraction affects can be accounted for in

the solutions in a post hoc manner.

III. THERMODYNAMIC METHOD

It has been shown in Eq. (4) that B/A is proportional to

the change in sound velocity occurring with an isentropic

(adiabatic) change of hydrostatic pressure. The term isentro-

pic refers here to a process where no heat or matter is

abstracted or conveyed to the system from outside. Once the

derivative in Eq. (4) is expanded, as previously demon-

strated (Beyer, 1960; Hamilton and Blackstock, 1998;

Rudnick, 1958),

B

A
¼ 2q0c0

@c

@P

� �
0;T

þ 2c0Tq

q0CP

@c

@T

� �
0;P

: (12)

B/A can be expressed through the change in sound velocity

caused by isothermal pressure and isobaric temperature (T)

changes. The parameter q ¼ ð1=VÞð@V=@TÞP is the isobaric

volume coefficient of thermal expansion and CP is the spe-

cific heat at constant pressure. B/A is sometimes referred to

in the literature as the adiabatic nonlinear parameter, while

the first term on the right-hand side of Eq. (12) is referred to

as the isothermal nonlinear parameter (Errabolu et al., 1988;

Varray, 2011) ðB=AÞ0,

B

A

� �0
¼ 2q0c0

@c

@P

� �
0;T

: (13)

The remaining term in Eq. (12) is referred to as the isobaric

nonlinear parameter,

B

A

� �00
¼ 2c0Tq

q0CP

@c

@T

� �
0;P

: (14)

In general, the thermodynamic methods can be classified

into two groups, where B/A is determined either from Eq.

(12), as it was initially done, or from Eq. (4). Within these

groups, the strategies to measure the speed of sound c differ.

All studies carried out with the thermodynamic method

require a velocimeter: a vessel of known length L, compris-

ing the test liquid and the transmitter-receiver equipment,

inserted in a liquid-filled pressure vessel, e.g., water (Law

et al., 1983, 1985) or oil (Greenspan and Tschiegg, 1957,

1959; Wilson, 1959) that is in turn submerged in a bath with

controlled temperature (Fig. 1).

A. Traditional thermodynamic technique

The traditional thermodynamic technique determines

B/A via Eq. (14). The required speed of sound measurement

can be performed with different techniques, allowing to

infer the travel time (time of flight) ttr of the wave through

the velocimeter of known length L (Fig. 1). All the identified

works utilizing the traditional thermodynamic technique are

summarized in Table III, stating the utilized technique and

the parameter directly measured, as well as the specified

measurement uncertainty and the investigated media.

The first paper reporting the determination of B/A by

the thermodynamic method (Beyer, 1960) used thermody-

namic data previously acquired by other scientists

(Greenspan and Tschiegg, 1957, 1959; Wilson, 1959) for

several liquids. In Greenspan and Tschiegg (1957, 1959)

and Wilson (1959), ttr was inferred with the help of a sing-

around circuit (Ficken and Hiedemann, 1956; Zorebski

et al., 2005). This circuit allows for triggering of the genera-

tor to send a pulse once the preceding pulse is received and,

therefore, to infer ttr through the pulse repetition frequency

(PRF). In this work, to improve the accuracy of the measure-

ment Greenspan and Tschiegg (1957, 1959) and Wilson

(1959) adjusted the PRF of the generator so that a new pulse

was transmitted when the echoes of the previously transmit-

ted pulse were superimposed on the receiver. This way, the

device allowed determining the speed of sound from the

pulse transit time ttr, inferred from the PRF and the distance

travelled by the pulse (L) equal to twice the length of the

vessel,

c ¼ 2L=ttr: (15)

Hagelberg et al. (1967) and Holton et al. (1968) per-

formed the speed of sound c measurement in water with the

pulse-echo method: using one transducer as the source and

receiver, where ttr was inferred from the interval between

echoes reflected from an acoustic mirror positioned at the

other end of the vessel.

Law et al. (1983) measured the coefficient of nonlinear-

ity of biological solutions and soft tissues. Since for the

studied substances, values of q and Cp in Eq. (12) were not

known, the authors used the well-known values for water:

the values for tissues measured in former studies showed a

difference with water up to 30%, and as previously

FIG. 1. (Color online) Schematic simplified diagram of the typical setup

used for a thermodynamic B/A measurement. More detailed representations

can be found in Holton et al. (1968) and Law et al. (1985).
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discovered, the term ðB=AÞ00 contributed only 3% to the B/A
value. The speed of sound was inferred from a direct mea-

surement of the time of flight based on the display of the

oscilloscope, showing the driving and received signals. Law

et al. (1985) observed no dependence of B/A on solute

molecular weight in dextran solutions and a linear depen-

dency on solute concentration. The authors postulated that

nonlinearity is a result of solute-solvent interactions. The

authors also identified that homogenization of tissue reduced

B/A and, in general, B/A showed an increasing trend with

the specimen’s structural hierarchy. It is worth mentioning

that this paper presents a comprehensible diagram and

description of the apparatus used.

Zorebski and Zorebski (2009) utilized the pulse-echo-

overlap method (Greenspan and Tschiegg, 1957; Zorebski

et al., 2005) to determine the speed of sound in lower alke-

nediols by extracting the PRF at conditions of overlapping

echoes coming back from a reflector. The authors acquired

B/A at pressures up to 100 MPa and temperatures from 21 to

46 �C. Zorebski et al. (2016) extended the range of studied

temperatures, measuring B/A from 16 to 46 �C.

The accuracy of the traditional thermodynamic techni-

ques, taking into account further measurement uncertainties

(e.g., temperature and pressure), resulted in a global uncer-

tainty of the B/A estimation within 3% for liquid and 5% for

tissue (Table III). The higher uncertainty for tissue samples

accounts for the inhomogeneous speed of sound (Law et al.,
1985). The studies conducted with the traditional thermody-

namic method revealed that B=A00 is much smaller compared

to B=A0 (constituting less than 5% for fluorocarbon fluids

(Madigosky et al., 1981), 9% of B/A for the liquids studied

in Zorebski and Zorebski (2009), and 12% of the pressure-

dependent term for methanol-water mixtures (Coppens

et al., 1965). Besides this, B=A0 has shown to be always pos-

itive, while B=A00 can exhibit positive and negative values

depending on the studied material. Hagelberg et al. (1967)

and Holton et al. (1968) illustrated that for a range of tem-

peratures up to 80 �C and a very wide range of pressures

B/A of water has small variability (from 4.1 to 6.8), and

increases monotonically with temperature for a pressure

value of 1 atm. Coppens et al. (1965) demonstrated that B/A
of alcohol mixtures show low variability with temperature.

Madigosky et al. (1981) reported fluorocarbon fluids to have

the highest nonlinearity reported so far (B/A¼ 13). Law

et al. (1983, 1985) demonstrated the dependence of B/A on

the chemical composition of biological solutions as well as

the structural hierarchy of biological material.

B. Isentropic thermodynamic technique

The isentropic thermodynamic technique, also referred

to as the improved thermodynamic method (Gong et al.,
1989; Lu et al., 1998; Plantier et al., 2002a), makes use of

Eq. (4) rather than Eq. (12). It requires a rapid (1–3 s)

change of pressure to eliminate significant heat transfer with

the test vessel. This way, the pressure change can be

regarded as an isentropic process. As noted by Zhu et al.
(1983), this technique is simpler than its predecessor, since

it eliminates the need for measurements at different temper-

ature points. Moreover, as Sehgal et al. (1984) indicated, the

traditional thermodynamic method requires knowledge of q
and Cp, which are “not known with great precision for most

soft tissues.” The uncertainty of the early isentropic phase

method is estimated to be 4% (Everbach and Apfel, 1995).

However, the development of this method is connected to

the improvement in the techniques measuring the speed of

sound, permitting to reduce the uncertainty to <1% (Table

IV). It is velocity measurement techniques that account for

the variability of the isentropic phase methods. Therefore,

the following section is divided into subsections according

to the measured parameter through which the speed of sound

is inferred, that being phase /, voltage Up, frequency f, or

the time of flight ttr of a pulse. A summary of the identified

works, utilizing the isentropic thermodynamic technique, is

presented in Table IV.

The most frequently used are phase measurement tech-

niques, providing more accurate speed of sound estimations

compared to earlier methods used in the framework of the

traditional thermodynamic technique (Table III). A few

others, deriving speed of sound from frequency information,

or estimating the time of flight of a pulse, are also used. A

detailed explanation follows below.

1. Phase measurements

Among the first publications using the isentropic ther-

modynamic technique are Emery et al. (1979) and

TABLE III. Summary of works that measured B/A with the traditional thermodynamic technique. The indicators liquid and tissue refer to measurement

uncertainties for liquids and tissues, respectively. Uncertainty (Uncert.,%) is stated in percent of the measured values.

Study Measured parameter Uncert., % Investigated media

Beyer, 1960; Greenspan and Tschiegg,

1957, 1959; Wilson, 1959

PRF, sing-around circuit — Water, ethyl alcohol

Coppens et al., 1965 PRF, sing-around citcuit <3 (liquid) Organic liquids, water-alcohol mixtures

Hagelberg et al., 1967; Holton et al., 1968 ttr, pulse-echo m. — Water

Madigosky et al., 1981 PRF, sing-around circuit — Fluorocarbon fluids

Law et al., 1983 ttr 3 (liquid), 5 (tissue) Biological solutions, soft tissues

Law et al., 1985 ttr 3 (liquid), 5 (tissue) Biological solutions, soft tissues

Zorebski and Zorebski, 2009 ttr, pulse echo-overlap m. 3 (liquid) Lower alkanediols

Zorebski et al., 2016 PRF, sing-around circuit, pulse-echo-overlap m. 3 (liquid) Ionic liquid
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Zhu et al. (1983), measuring B/A of liquids. The authors

considered the measurement isentropic, as the applied pressure

changes were small (varying from 1 to 2 atm) and too fast

(�2.0 s) for a significant heat exchange. The speed of sound

change is connected to the wave’s transit time ttr and the dis-

tance between transducers L via Eq. (16) (Zhu et al., 1983),

@c

@P

� �
¼ � L

ttr
2

@ttr
@P

� �
: (16)

Equation (16) allows us to determine B/A based on Eq. (4)

as

B

A
¼ � 2q0c0

2

ttr

Dttr

DP

� �
s

: (17)

To detect the change in transit time ttr, Zhu et al. (1983)

chose to conduct phase measurements: they compared the

phase of the received tone burst to that of a reference signal

with a phase mixer and acquired Dttr with the help of a delay

line. Since Du ¼ xDttr and ttr ¼ L=c0, B/A was determined

according to

B

A
¼ � 2q0c0

3

xL

Du
DP

� �
s
; (18)

where L is the length of the ultrasound path through the liq-

uid. Equation (16) forms the basis of all phase measurement

techniques, which in general produced more accurate results

compared to earlier strategies. A follow-up paper (Gong

et al., 1989) of one of the authors of Zhu et al. (1983) used

the same version of the method to measure B/A of biological

solutions and soft tissues. Gong et al. (1989) confirmed the

results obtained by Law et al. (1985) for homogenized liver

versus whole liver, as well as biological solutions, observing

that B/A increases with the structural hierarchy of the

specimen.

a. Pressure-jump method. Sehgal et al. (1984) pre-

sented the pressure jump method. During the pressure

increase, the phase of the received signal was monitored.

The speed of sound was inferred from Eq. (18). After the

pressure change, the system was allowed to equilibrate to

the ambient temperature and the authors could also measure

the isothermal nonlinear parameter ðB=AÞ0. Sehgal et al.
(1984) and Sehgal et al. (1986a) used the method described

above, transmitting ultrasound in continuous-wave mode.

This configuration was “most suitable for attenuating

media” (Sehgal et al., 1984) as tissue since high attenuation

avoided the formation of standing waves. Sehgal et al.
(1984) measured B/A of several human tissues. They dem-

onstrated that fatty breast tissue had a substantially higher

value than parenchymal liver tissue, and that multiple mye-

loma had a substantially lower B/A compared to normal

parenchymal liver tissue. Sehgal et al. (1986a) showed that

B/A of fatty liver is higher compared to normal, while cir-

rotic and tumorous B/A is lower than for normal liver.

Sehgal et al. (1984) and (1986a) are the only papers, to the

best of our knowledge, reporting B/A for malignant tissues.

In Errabolu et al. (1987), Errabolu et al. (1988), and

Sehgal et al. (1986b), the adiabatic nonlinear parameter and

the isothermal nonlinear parameter were measured with the

pressure-jump method, detecting the phase change [Eq.

(18)] of a shock-excited pulse. Sehgal et al. (1986b)

reported B/A of alcohol-water mixtures. Since alcohols have

smaller speed of sound and larger B/A, their addition to

water was expected to increase B/A. This was not the case

for low concentrations of alcohol. Such an effect on B/A
was attributed to the effects of solvent-solute interactions,

and alteration in the water-molecule structure due to the

addition of alcohol. The authors speculated that, since tissue

is composed of 60%–80% of water, changes in the state of

tissue due to the change in unbound-bound water ratio must

have been reflected in its B/A, creating another opportunity

for determining tissue properties based on B/A. Errabolu

TABLE IV. Summary of strategies to measure B/A with the isentropic thermodynamic technique. The uncertainty (Uncert., %) of the B/A measurement is

stated in percent of the measured value for tissues and liquids.

Measured parameter Studies Uncert., % Investigated media

Phase / Zhu et al., 1983 2.5 (liquid) Liquids, e.g., water, bovine serum albumin solution

Gong et al., 1989 4 (liquid), 7 (tissue) Biological solutions and soft tissues

Sehgal et al., 1984; Sehgal et al., 1986a 3 (tissue) Normal and malignant human tissues

Sehgal et al., 1986b 1 (liquid) Monohydric alcohol-water solutions

Errabolu et al., 1987 - Livers, fat, egg, oils

Errabolu et al., 1988 3 Human and animal fats, simple mixtures (e.g., skim milk)

Voltage DUp Lu et al., 1998 2.2 (liquid) Water, organic liquids

Plantier et al., 2002a 2 (liquid) Water

Plantier et al., 2002b 2 (liquid) Primary alcohols

Plantier et al., 2003 <2.2 (liquid) Alkanes

Khelladi et al., 2009 2 (liquid) Glycerol

Zhe et al., 2014 <2 (liquid) Silicone oils

Transmit time Dttr Zhang and Dunn, 1991 0.7 (liquid) Water, dextrose, ethylene glycol

Zhang et al., 1991 Tissues not assessed separately Cat and rat livers, liver suspensions

Frequency f Everbach and Apfel, 1995 0.85 (liquid) Aqueous buffers, protein solutions, lipid oils, emulsions

Davies et al., 2000 1 (liquid) Liquids
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et al. (1988) demonstrated that human and animal fat tissues

are highly nonlinear, with B/A values ranging between 10

and 12. Moreover, in the range of temperatures from 20 to

37 �C, B/A vs temperature exhibits a positive or flat trend.

Errabolu et al. (1987) proposed a two-component model (fat

and nonfat), able to predict the fat percentage based on the

measured B/A and speed of sound. The model was tested for

livers, fats, oil, and egg mixtures.

b. Phase derivation from output voltage. Lu et al.
(1998) utilized a highly sensitive phase comparison tech-

nique by transmitting a tone burst signal and producing

small pressure changes below 2 atm to liquids. This tech-

nique (like Zhu et al., 1983) also utilizes a phase mixer.

However, different from other methods, the phase change is

inferred from the amplitude of the phase detector rather than

with a delay line. The measurements are done for small

phase changes (below p=20), where the output voltage of

the phase detector (mixer) Up is linearly dependent on signal

phase /. Therefore, the phase change of the detector signal,

DUp, can be described through the phase change D/ as

DUp ¼ kA1A2D/; (19)

where A1 and A2 are the amplitudes of the received and the

reference signal that are mixed in the phase detector, and k
is a constant characterizing the phase detector. This way,

DUp can be utilized to estimate B/A as

B

A
¼ � 2q0c0

3

xL

1

kA1A2

DUp

DP

� �
s

: (20)

The maximum pressure change was adjusted to maintain a

linear relation between voltage and phase. Lu et al. (1998)

report the technique to have an uncertainty of 2.2%.

This strategy was used to measure B/A of several liquids

(Khelladi et al., 2009; Lu et al., 1998; Plantier et al.,
2002a,b; Zhe et al., 2014). A few of these studies (Khelladi

et al., 2009; Plantier et al., 2002a,b, 2003) enabled B/A mea-

surement at pressures up to 100 MPa and temperatures up to

100 �C.

2. Transmit time

Zhang and Dunn (1991) developed an isentropic ther-

modynamic method capable of measuring B/A of 4-mL sam-

ple volumes. This system is important for situations when

samples are products of biochemical reactions with small

yields or pathological tissue areas which may be of limited

locus/size. The distance between the source and receiver in

the velocimeter was only 1 cm. The speed of sound was

determined with Eq. (17) by calculating the time delay from

cross correlation of the transmitted and received pulses.

Since the receiver was in the near field, an error was intro-

duced in the velocity measurements; however, the authors

stated that their system was nevertheless able to measure

within an error of 0.7%, confirmed by measurement of three

mixtures.

Zhang et al. (1991) used the above described setup

(Zhang and Dunn, 1991) to determine the influence of struc-

tural parameters on B/A. Performing measurements of cat

and rat liver tissue as well as suspensions acquired from

these livers, the authors altered their structure physically

and biochemically, and reached the conclusion that struc-

tural dependence of B/A “exists at all three levels of biologi-

cal structure, viz., the tissue level, the cellular level and the

molecular level. The relative contributions due to structural

features is 26% at the tissue level, 20% at the cellular level,

and 15% at the macromolecular level.”

3. Frequency measurement

Everbach and Apfel (1995) automated the measurement

of speed of sound, allowing for the performance of thou-

sands of acquisitions on a sample in a reasonable time. The

utilized interferometer consisted of a receiving and source

transducer. A phase-locked loop circuit was used to correct

for the frequency of the transmitted pulse by Df so that a

constant phase relationship was kept at the receiver trans-

ducer as the speed of sound changed in the medium. Since

Df required to keep the phase constant can be defined by

Df=f0 ¼ Dc=c0; (21)

B=A can be expressed as

B

A
¼ 2q0c0

2 Df

f0DP

� �
s

; (22)

where f0 and q0 are the initial frequency and density. A pres-

sure of 180 kPa (1.85 atm) was generated in the measure-

ment cell and then released. During this release (3 s) the

source transducer transmitted 20-cycle tone bursts at 11 fre-

quencies. Contrary to Sehgal et al. (1984) and Sehgal et al.
(1986a), attenuation was an undesired effect for an interfer-

ometer, as the measurements were performed for a range of

organic and aqueous solutions. The presented method is

reported to have an accuracy of about 1%.

Davies et al. (2000) also measured the change in fre-

quency associated with the pressure change [Eq. (22)].

Contrary to Everbach and Apfel (1995), they performed

continuous wave phase locking since the continuous wave

approach avoids the uncertainty of pulse onset identifica-

tion. As the system was developed for small-volume sam-

ples, the authors encountered near-field problems (Zhang

and Dunn, 1991) in an early setup when using phase

locking in double-disk interferometers. To overcome this

problem, they utilized a cylindrical piezoelectric cavity

resonator which, coupled with the developed electronic

system, “provided a real-time measurement of the change

in speed of sound as function of frequency.” The authors

applied a 2-s pressure sweep from 0 to 200 kPa during

which 100 data frequencies f ¼ f0 þ Df were acquired.

This system was reported to produce uncertainty of less

than 1% for B/A.
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IV. METHOD FOR AQUEOUS SOLUTIONS

Sarvazyan et al. (1990) noted that the B/A errors were

too large to study solute-solvent mixtures with a small

amount of solvent. Most biological compounds cannot be

diluted in high concentrations in aqueous solutions due to

the low solubility. The B/A change in the possible range of

concentration is estimated to be approximately 1%

(Sarvazyan et al., 1990), within the error span of the most

accurate thermodynamic techniques (see Tables III and IV).

For this reason, Sarvazyan et al. (1990) developed a differ-

ential method that rather than measuring absolute values,

estimated the differences between the solute and the solu-

tion, which is a common approach in chemical relaxation

kinetics (Eggers and Funck, 1973). The accuracy of the rela-

tive measurements of the nonlinearity parameter achieved

by this method was 0.3%.

The theory was derived by differentiating Eq. (12) for

the traditional thermodynamic method, resulting in the fol-

lowing expression:

DB=A

C

1

2q0c0

¼ 1

C
D

@c

@P

� �
T

þ ð U½ � þ q½ �Þ
@c

@P

� �
T0

þ c0T0

q0Cp

1

C
D

@c

@T

� �
P0

þ ð c½ � þ c½ � � Cp½ �
" #

� @c

@T

� �
P0

; (23)

where capital C is the solute concentration, values attributed

to the solvent are denoted by subscript 0, and D refers to the

difference between the solution and the solvent for the cor-

responding expressions. ½c�; ½q�; ½c�; ½Cp� are relative spe-

cific increments of speed of sound, solution density, thermal

expansion coefficient, and heat capacity at constant pres-

sure, respectively,

c½ � ¼ Dc

c0C
; q½ � ¼

Dq
q0C

; c½ � ¼
Dc
c0C

; Cp½ � ¼
DCp

CP0
C
:

(24)

Parameters ½q�; ½c�; ½Cp� are known from literature, leaving

½c�; Dð@c=@PÞT , and Dð@c=@TÞP as the values to be mea-

sured, given that the solvent parameters with subscript 0 are

known.

The setup used in Sarvazyan (1982) is typical for the

thermodynamic method (Sec. III). However, several impor-

tant modifications were made. The measurement cell was

represented by a four-channel resonator cell, each with a

volume as small as 0.2 mL, all filled with the test liquids.

Simultaneous velocity measurements in these chambers

were made by the resonator method with an acoustic inter-

ferometer. Standing waves form in the cells at resonance

frequencies at which the distance between transducers is

equal to a whole number of half-wavelengths. This results in

amplitude peaks at these frequencies (amplitude frequency

characteristic), as well as a particular phase dependence of

the received signal on the frequency (phase-frequency

characteristic). The authors inferred Dc from the phase fre-

quency characteristic, identifying the shift in resonance fre-

quency Df to keep the phase constant at its inflection point

[Eq. (21)]. The resonator method is the only technique that can

be applied for such small-volume samples (Sarvazyan, 1991).

Different from previous thermodynamic studies (Sec. III), the

authors introduced a reference cell with the solvent, placed in

the same thermostated volume as the solution. This lowered

the requirement for the temperature stability of the system.

The above work was employed to assess the acoustic

properties of solutions of amino acids and proteins, giving

insight into the molecular origins of B/A. For instance, the

authors discovered that an increase in the number of charged

groups that favor bonds with water molecules augments

B/A, while CH2 groups decrease it due to decreased acces-

sibility of water to such molecules. The authors also noted

a strong sensitivity of B/A to a replacement of a single

atomic group within a molecule, compared to ultrasound

velocity and density. These observations demonstrated that

B/A may be a useful indicator of molecular structure and

hydration of biomolecules in solutions. This method ena-

bles measurement of the smallest amounts of sample

reported and provides the highest measurement accuracy

(0.3%) reported until now (Sec. IX, Table VIII). A follow-

up paper studied temperature dependencies of B/A of aque-

ous amino acid solutions (Chalikian et al., 1992).

V. FAM

As demonstrated in Sec. II, the speed of an ultrasound

wave at a point in space and time is dependent on B/A (or b)

and the excess density (or particle velocity) at that point and

time. Due to this, as the wave propagates it distorts, which

was shown to be equivalent to the generation of higher har-

monics (integers of the transmitted frequency) in the fre-

quency domain (Fubini-Ghiron, 1935; Keck and Beyer,

1960; Krasilnikov et al., 1957). As higher harmonics grow,

the fundamental component is depleted due to the energy

transfer from the fundamental harmonic to the higher

harmonics.

All FAMs register the wave after a certain propagation

distance in a medium (e.g., Fig. 2) and derive B/A from

cumulative nonlinear effects observed in the registered sig-

nal. The FAMs can be classified into three main groups:

deriving B/A directly from the wave’s shape, from the sec-

ond harmonic component, and from the fundamental com-

ponent. A detailed description of each family of methods

follows below. The theory presented in the introductory

FIG. 2. (Color online) Schematic of the most common through-

transmission setup used to measure B/A with many FAMs. Here, L is the

path in the studied medium. In reflection-mode imaging, the receiver is

substituted by a reflector plate, and the source transducer acts as the

receiver.
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sections (Secs. V C 1 and V B 1) of the FAM groups con-

cerns only weak nonlinearity (the shock parameter

r ¼ ½2pfP1ð0Þzb=q0c0
3�6 1), since the pressure amplitudes

that demonstrate strong nonlinearity are above the safety

regulations for assessment of biological media. Table V,

presented below, summarized all the identified FAM works

and the utilized strategies to measure B/A.

A. Wave shape

1. Light diffraction method

The earliest works observing the wave shape to infer

B/A were performed with optical methods (Fig. 3). When

an optical wave propagates in a direction perpendicular to

the ultrasonic beam, the initially flat wave front of the opti-

cal wave is modulated in phase according to the velocity

profile of the US wave, possibly distorted due to nonlinear

propagation.

This way, measurement of the diffraction of light

allows for the reconstruction of the US wave’s velocity pro-

file and quantification of distortion by extracting w0 or w1

from its shape (Fig. 4), and thereby derivation of B/A.

This method was implemented by Mikhailov and Shutilov

(1960) and Shutilov (1959) and yielded B/A for water and sev-

eral other optically transparent liquids. More recently,

Takahashi (1995) also utilized the waveshape to quantify B/A
through the assessment of w0 or w1. In this case, the signal was

received with a hydrophone, while the source pressure was

determined from the diffraction pattern of light emitted by a

laser. This way, the setup was a hybrid of those presented in

Figs. 2 and 3. Other works are also known (Nomoto and

Negishi, 1965), using the diffraction of light to capture the

nonlinear distortion of ultrasound waves and extract B/A.

2. Modelling of the wave profile

Chavrier et al. (2006), Hunter et al. (2016), Jackson

et al. (2014), and Jeong et al. (2016) utilized the setup pre-

sented in Fig. 2, where the signal passed through a medium

of length L and was received by a hydrophone or a trans-

ducer. Chavrier et al. (2006), Hunter et al. (2016), and

Jackson et al. (2014) fit nonlinear waveforms of the received

pulses with the Burger’s equation, where B/A (and a) was

the fit parameter. These works use large source transducers

(e.g., 10 cm in diameter; see Jackson et al., 2014) to avoid

edge diffraction effects, eliminating the need for diffraction

correction and justifying the use of the Burger’s equation

which cannot account for diffraction. Conversely, Jeong

et al. (2016) developed multi-Gaussian beam models based

on a quasilinear approximation of the Westervelt equation

and the KZK equation (Jeong et al., 2015), including both

diffraction and attenuation effects. This allowed describing

the pressure fields of the fundamental and 2nd harmonic

with no restrictions for the source size or the distance range.

From a single measurement set at distances from 2 to 20 cm,

the authors extracted the attenuation coefficients at the fun-

damental a1 and 2nd harmonic frequency a2, as well as the

b value by fitting a model to the observed pressure profiles.

A calibration procedure for P1ð0Þ was required. Works

inferring B/A through the wave profile require broadband

receivers, able to capture the wave shape accurately.

B. Second harmonic measurements

1. Basic theory

The amplitudes of the higher harmonics in the preshock

region (r6 1) of a plane wave in a lossless medium are

given by Fox and Rock (1941), Fubini-Ghiron (1935), and

Hamilton and Blackstock (1998),

Pn rð Þ ¼ 2P1 0ð Þ
nr

� �
JnðnrÞ; (25)

where n is a positive integer indicating the number of the

harmonic: the fundamental P1ð0Þ at the source and higher

harmonics P2;3;…; and r is the shock parameter

r ¼ 2pfP1ð0Þzb=q0c0
3. Equation (25) is the Fubini solution

(Fubini-Ghiron, 1935) of the lossless Burgers equation [Eq.

(11)]. By expanding the Bessel function as a power series

and neglecting the high order terms, the amplitude of the

2nd harmonic can be expressed as

P2 zð Þ ¼
B

A
þ 2

� �
pfzP1

2 0ð Þ
2q0c0

3
: (26)

This equation illustrates that the amplitude of the 2nd har-

monic increases proportionally to B/A, to the distance z from

the source, and the frequency of the transmitted signal f. It

also shows a quadratic dependence on the transmitted pres-

sure amplitude P1ð0Þ at the source.

Later, this theory was further developed to include

losses in two alternative ways. The first one was based on

the assumption that the attenuation of the fundamental and

higher harmonics are independent of each other.

Furthermore, the change of the 2nd harmonic amplitude was

ascribed to its harmonic generation due to nonzero B/A
value and its small-signal absorption (neglecting energy

transfer to higher harmonic components) (Thuras et al.,
1935). The following expression is the solution to the equa-

tion describing the change of the 2nd harmonic:

P2 zð Þ ¼
ð2þ B=AÞpf

2q0c0
3

P1
2 0ð Þ e

�a2z � e�2a1z

2a1 � a2

; (27)

where a1 and a2 are the attenuation coefficients of the funda-

mental and its harmonic. Here, no assumption about the fre-

quency dependence of attenuation has been made, therefore,

the formula is valid for liquids and tissues. This expression

can be further simplified (Dunn et al., 1982) when assuming

ða2 � 2a1Þz to be small,

P2 zð Þ ¼ ð2þ B=AÞpfz

2q0c0
3

P1
2 0ð Þe� a1þða2=2Þð Þz: (28)

The previous simplification leads to an error of 1% when the

value ða2 � 2a1Þz is <1=2 (Dunn et al., 1982). Equation (28)
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TABLE V. Intercomparison of FAMs. The table discusses the main principle, advantages and disadvantages, and accuracy of FAM variations in their initial

form, developed for B/A estimation as a global parameter. In the column Uncert., %, the measurement error is stated for liquids, tissues, or phantoms (tis-

sue-mimicking or layers of liquid), respectively. The column Images states whether or not any experimental works presented B/A images, therefore, visualiz-

ing B/A distribution rather than a single global B/A value. P1ð0Þ, source pressure; P2, 2nd harmonic pressure.

Main Groups Subgroup Main principle Advantages Disadvantages Uncert., % Images

Wave shape Light diffraction. Sec.

V A 1

Assessment US wave

shape through diffrac-

tion of light

- Accurate, - Complicated setup

that includes a laser

and an optical receiv-

ing system

7–8 (liquid)

(Mikhailov and

Shutilov, 1960)

—

- No per se assump-

tions about the har-

monic content of the

signal is needed

<8 (liquid)

(Kashkooli et al.,
1987)

Modelling of the

wave profile. Sec.

V A 2

Fit pulse waveforms

to nonlinear models

- No per se assump-

tions about the har-

monic content of the

signal is needed

- Requires P1ð0Þ (cal-

ibration)

-Broadband receiver

needed

10 (liquid, tissue)

(Chavrier et al., 2006;

Hunter et al., 2016;

Jackson et al., 2014),

5 (liquid) (Jeong

et al., 2016)

—

Second harmonic

measurement

2nd harmonic maxi-

mum. Sec. V B 2 a

Experimentally iden-

tifying the distance

from the source of P2

maximum

- No clear advantages

identified

- only for viscous

liquids

- Measurements

at several

distances

— —

Second harmonic

measurement

Extrapolation scheme.

Sec. V B 2 b

Extrapolating ½ P2ðxÞ
xP1ð0Þ2

�
to zero distance from

the source

- Does not need any

attenuation

measurement

- Requires transducer

calibration to estimate

P1ð0Þ

10 (liquid) (Adler and

Hiedemann, 1962),

—

- Measurements at

several distances

8 (liquid, tissue) (Law

et al., 1985)

2–11 (liquid)

(Wallace et al., 2007),

10 (liquid) (Law

et al., 1981; Dunn

et al., 1982)

Single measurement.

Sec. V B 2 c

Measuring the 2nd

harmonic amplitude

at a distance

- One measurement at

one distance is suffi-

cient for B/A
estimation

- Requires transducer

calibration to estimate

P1ð0Þ and an extra a
measurement

4 (liquid) (Cobb,

1983), <8 (tissue)

(Zhang and Dunn,

1987)

Echo-mode: (van

Sloun et al., 2015)

Source P1ð0Þ -P2

characteristic. Sec.

V B 2 d

Fitting a line to P2

depending on the

source pressure

- Requires measure-

ments at only one

distance

- Requires transducer

calibration to estimate

P1ð0Þ, a (unless can

be neglected)

7.5 (liquid) (Chitnalah

et al., 2007),

3 (liquid) (Pantea

et al., 2013),

12 (liquid) (Panfilova

et al., 2018)

—

Second harmonic

measurement

Comparative method.

Sec. V B 2 e

Comparing P2 in the

sample to that in a ref-

erence medium at a

fixed distance from

the source

- Requires measure-

ments at only one dis-

tance

- No source calibra-

tion needed

- Potential to mitigate

diffraction effects

- Source pressure in

the studied medium

may be altered, com-

pared to the reference

medium (due to dif-

ferent acoustic impe-

dances of the media)

< 3 (tissue) (Yu

et al., 2014), 8 (liquid)

(Gong et al., 1984), 3

(liquid) (Zhang et al.,

1991)

Echo-mode:

(Toulemonde

et al., 2015;

Varray et al.,

2011b)

FAIS. Sec. V B 2 f Extracting b from the

ratio
P2x

P20
(with the sample in

the path between the

source and the

receiver and without)

- As for the compara-

tive method

- Requires little sam-

ple volume

— 8 (liquid) (Gong

et al., 1984), <8 (liq-

uid, phantom) (Dong

et al., 1999),< 10

(liquid) (Harris et al.,
2007), <5 (tissue, liq-

uid) (Kujawska et al.,
2003)

Tomography:

(Zhang et al.,
1996), (Zhang and

Gong, 1999),

reflection tomog-

raphy and echo-

mode C-scans:

(Gong et al.,
2004)

Second harmonic

measurement

Transmission line

method. Sec. V B 2 g

Measuring the funda-

mental saturation as

source pressure is

increased

- No transducer cali-

bration required

- Acquisitions at sev-

eral source-receiver

separation distances

20 (liquid) (Kushibiki

et al., 1997), <2 (liq-

uid) (Dong et al.,

2006)

—
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is particularly applicable to tissue since tissue attenuation

exhibits a nearly linear frequency dependence (Duck, 1990;

Goss et al., 1979).

An alternative way to take attenuation into account was

proposed (Blackstock, 1966; Keck and Beyer, 1960)

when solving the Burger’s equation [Eq. (10)] for the

weakly nonlinear case characterized by a Goldberg number

G ¼ 2pfP0b=q0c0
3a < 1 (Hamilton and Blackstock, 1998),

P2 zð Þ ¼ B

A
þ 2

� �
pfP1

2 0ð Þ
2aq0c0

3
e�2az � e�4azð Þ; (29)

where a is the attenuation coefficient of the fundamental

wave. The Golberg number reflects the balance between the

nonlinear processes and the absorption processes (Duck,

2002). Equation (29) applies to weakly thermoviscous fluids

(Sec. II B).

The theory above, as already mentioned, was devel-

oped for plane waves. Due to this, most studies use a plane

piston source as a signal transmitter and perform the mea-

surements in the near field at distances closer than the

Rayleigh distance Fd (Fd ¼ pr2=k, where r is the source

radius and k is the signal wavelength; Kuntz et al., 1983).

In reality, however, even the near field of a plane piston

source differs from an ideal plane wave, due to interference

of signals originated from different locations of the source

(Huygens principle). These effects are diffraction effects

(Duck, 2002) and result in a complicated diffraction pattern

of pressure amplitude oscillations, demonstrated in Fig. 5.

Only a very small triangular region of the near field remains

truly a plane wave: in the proximity of the source the plane

wave and the edge wave do not yet interfere (Kramer et al.,
1988). It is also worth mentioning that the second harmonic

beam is somewhat narrower than the fundamental beam.

This can be fully appreciated at greater distances in Duck

(2002), where the pressure distributions are presented up to

the far field.

The deviation from plane wave theory can be accounted

for by the diffraction correction term. For example, Dunn

et al. (1982) considered both attenuation and diffraction

effects, leading to the following expression for the 2nd

harmonic:

P2 zð Þ ¼
ð2þ B=AÞpfz

2q0c0
3

P1
2 0ð Þe� a1þða2=2Þzð ÞFðzÞ; (30)

where F(z) is the diffraction correction factor, described in

detail in Ingenito and Williams (1971) and Williams (1951).

Alternatively, the diffraction corrections developed using

Multi-Gaussian beams have also been utilized (Haumesser

and Meulen, 2019; Jeong et al., 2017; Jeong et al., 2015;

Jeong et al., 2016).

The theory above serves the basis of the FAMs.

Numerous works have estimated B/A through 2nd har-

monic measurement [Eqs. (26)–(30)]. In most of these

methods, the 2nd harmonic is measured in the near field of

a plane piston source, enabling the plane wave approxima-

tion. Therefore, these conditions are implied throughout

this section (Sec. V B) unless otherwise stated. These

TABLE V. (Continued)

Main Groups Subgroup Main principle Advantages Disadvantages Uncert., % Images

Fundamental Sec. V C Measuring the funda-

mental saturation as

source pressure is

increased

- One measurement

distance

- Transmit and recep-

tion at the same

frequency

- Transducer calibra-

tion required,

- For tissue may

require high P1ð0Þ for

an accurate B/A

estimation

10 (liquid) (Kashkooli

et al., 1987),

Echo-mode:

[Nikoonahad and

Liu, 1990)]

FIG. 3. (Color online) Schematic illustration of the setup used in optical

methods/light diffraction methods for B/A measurement (top view).

Detailed representations of such setups can be found in Adler and

Hiedemann (1962) and Mikhailov and Shutilov (1959).

FIG. 4. (Color online) Illustration of the waveform deformation. The image

shows the positive half-cycles of an undistorted sinus wave (solid line), and

of a distorted wave (dashed line), where the distance w1 is the distance

between the maxima of these waves, and w0 is the distance between points

C and D, which are the intersections of the tangents at points A and B.
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methods are presented in two sections: measurements of

homogeneous media (Sec. V B 2) and heterogeneous media

(Sec. V B 3).

2. B/A measurement of homogeneous media

The studies discussed in this section assume invariant

B/A along the beam path in the medium, yielding a single

B/A value. All the strategies suitable for bulk estimation of

B/A through 2nd harmonic measurement are presented

below. All the presented works, unless otherwise men-

tioned, utilized the setup as in Fig. 2. Unlike the wave

shape method, in this case, the receiver has to be respon-

sive at the 2nd harmonic of the fundamental signal, trans-

mitted by the source.

a. Second harmonic maximum. Equation (29) formed

the basis for one of the early B/A measurement approaches

(Beyer, 1960; Keck and Beyer, 1960). One can find the dis-

tance to the source where the 2nd harmonic reaches its max-

imum value by differentiating Eq. (29) with respect to z and

finding the zero crossing. Once the coordinate of the 2nd

harmonic maximum is determined experimentally, B/A can

thus be calculated.

b. Extrapolation scheme. Other strategies utilized the

lossless formulation in Eq. (26). It has been experimentally

verified (Krasilnikov et al., 1957) that at distances close to

the source, the dependence of the 2nd harmonic on the dis-

tance z and the pressure at the source P(0) follows the loss-

less model described by Eq. (26) also in a dissipative

medium. Therefore, one can derive B/A by extrapolating

the 2nd harmonic amplitude at zero distance from the

source,

B

A
¼ 2q0c0

3

pf

P2 zð Þ
zP1 0ð Þ2

" #
zP1 0ð Þ¼0

� 2: (31)

For this purpose, Adler and Hiedemann (1962) utilized

the optical setup (Fig. 3) to measure the transmitted funda-

mental signal P1ð0Þ and the 2nd harmonic at different

distances from the source transducer. Extrapolation of

½P2ðzÞ=zP1ð0Þ2� to z¼ 0, as in Fig. 6, yielded B/A for water

and m-Xylene.

Law et al. (1981) and Dunn et al. (1982) utilized a

much simpler setup (Fig. 2), measuring the 2nd harmonic

amplitude P2 and P1ð0Þ with an additional planar transducer,

also employed in all the following studies unless otherwise

mentioned. For this purpose, a calibration procedure of the

receiver is required, allowing us to convert measured volt-

age to pressure values and to determine P1ð0Þ. Extrapolating

½P2ðzÞ=zP1ð0Þ2� to zero distance from the source, they

obtained B/A for several biological solutions as well as

whole liver. When comparing their values to glycerol and

glycerin, previously obtained by the thermodynamic method

(Coppens et al., 1965), they concluded that this technique

has an uncertainty of 10%.

Dunn et al. (1982) introduced attenuation in the

expression for the 2nd harmonic [Eq. (28)], showing that

½P2ðzÞ=zP1ð0Þ2� decreases exponentially with distance in

the proximity of the transducer. Moreover, they were the

first ones to consider diffraction effects [Eq. (30)] that

manifested themselves in the calibration procedure

(Williams, 1951) of the receiver as well as in the quantifi-

cation of the 2nd harmonic (Ingenito and Williams, 1971).

Law et al. (1985) followed the same procedure as Dunn

FIG. 5. (Color online) Simulated pressure distributions along the diagonal

of a circular plane piston source up to 5 cm away from the source. The

fundamental and the 2nd harmonic pressure amplitudes are normalized to

their maximum amplitude values, the position of the source is indicated

by the black line. The simulation was performed in k-Wave, MATLAB
TM

(Treeby and Cox, 2010) for a source with a radius of 10 mm, transmitting

a Gaussian 10-cycles pulse at 2.25 MHz with an amplitude of 0.1 MPa, in

3D space.

FIG. 6. (Color online) Simulated curves for media with the same acoustic

parameters as for water but different attenuation. The graph illustrates the

dependance of ½P2ðzÞ=zP1ð0Þ2� on z for a lossless medium, a medium with

an attenuation coefficient as that of water aw, and media with much higher

attenuation than that of water (5aw and 10aw). The curves simulate Eq. (27)

at close distances from the source, when transmitting a frequency of 2 MHz

and a pressure of 0.5 MPa.
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et al. (1982) to measure B/A of tissues, requiring the tissue

sample to be sliced in order to obtain measurements at

several distances.

The extrapolation scheme has an important advan-

tage: it avoids measurements of the attenuation coeffi-

cient of the medium. As illustrated in Fig. 6, even if the

attenuation value of the medium under study changes, the

curves intersect at the same point, provided that the other

acoustic parameters are equivalent. This method is some-

times referred to as the pullback method (Wallace et al.,
2007).

c. Single measurement. Equations (27)–(30) also

enable measuring B/A from a single measurement once the

attenuation coefficients at the fundamental a1 and harmonic

a2 frequencies are known. After first estimating the attenua-

tion coefficients, Cobb (1983) estimated B/A, taking diffrac-

tion of the 2nd harmonic (Ingenito and Williams, 1971) into

account [for the case of transducers of equal size, Eq. (27)].

The authors noted that the approximation given by Eq. (28),

justifying the extrapolation scheme, may lead to errors of

7% in samples such as water and glycerin (Dunn et al.,
1982). Zhang and Dunn (1987) utilized Eq. (30) to estimate

B/A from a single acquisition, finding that there is no signifi-

cant difference between B/A of in vivo and ex vivo cat livers.

In Haumesser and Meulen (2019), the second harmonic was

measured after its reflection from an aluminium plate that

replaced the receiver in a typical through-transmission setup

(Fig. 2). The reflection mode method increased the propaga-

tion path of the signal in the studied medium. This way an

accurate B/A measurement could be acquired for a reduced

amount of the investigated liquid. Li et al. (2017) presented

a through-transmission method for B/A measurement of flu-

ids, utilizing focused transducers to transmit and receive

acoustic signals. Diffraction corrections were derived for

focused receiver and source and a simple calibration proce-

dure of the receiver was proposed. This enabled estimating

B/A of water within an 8% error for multiple distances.

d. Source pressure-harmonic characteristic. Panfilova

et al. (2018) and Pantea et al. (2013) determined B/A of

water based on Eqs. (27) and (28) by fitting a line to the

dependence of the 2nd harmonic amplitude on the funda-

mental pressure P1ðzÞ. They require no attenuation measure-

ment since they account for attenuation by using the

fundamental and 2nd harmonic values at the measurement

point. Pantea et al. (2013) reported more extensive work,

performing the fit for a larger range of distances and making

use of the extrapolation scheme or pullback method (Sec.

V B 2 b).

Meulen and Haumesser (2008) implemented this

method in echo-mode by the employment of a reflector, con-

cluding that the reflector must have an impedance higher

than that of the studied fluid. This ensures that the 2nd har-

monic components generated during forth and backpropaga-

tion interfere constructively, and B/A quantification is

possible. Otherwise, these components add out of phase.

Similarly, Chitnalah et al. (2007) recorded the 2nd har-

monic in reflection mode at different source pressures but

reflected from the interface of two liquids. They took into

account attenuation and diffraction correction, decomposing

the source function into a series of Gaussian beams.

e. Comparative method. Transmission mode com-

parative method. The first record of the comparative

method was found in Gong et al. (1963). Its aim is to avoid

absolute pressure measurements and therefore a receiver

calibration procedure. The idea of the method is to compare

the 2nd harmonic signal relative to that generated in a

medium with a known B/A when the measurements are per-

formed at the same source pressure and distance L from the

source (Fig. 2). This way, when describing the 2nd harmonic

component with Eq. (26) for both media, and taking their

ratio, one can derive that

�
B

A

�
m

¼ P2m

P20

ðq0c0
3Þm

ðq0c0
3Þ0

�
B

A

�
0

þ 2

 !
� 2; (32)

where the subscripts m and 0 denote the medium under

study and the reference medium, respectively. In this first

study, the reference liquid was acetone, with a density and

speed of sound close to that of the studied nitrogen.

However, most studies use water as the reference medium,

as its B/A is well known and attenuation can be neglected.

Gong et al. (1984) and Zhang et al. (1991) utilized the same

technique, with the latter work also accounting for diffrac-

tion effects.

Wallace et al. (2007) used a hybrid of the extrapolation

and comparative methods. The authors compared the ratio

½V2ðzÞ=zV1ð0Þ2�zV1ð0Þ¼0 of isopropanol to that of water,

where V1 and V2 are the voltages associated with the funda-

mental and the 2nd harmonic. Differently from previous

works, the authors took into account the fact that the gener-

ated source pressure actually depends on the medium where

the source is immersed (also explained in Jackson et al.,
2014), defined by the transmission coefficient between the

transducer material and the medium [see also Eq. (34)].

Besides this, they introduced a steel delay line in front of the

transmitting transducer. Since steel has a speed of sound

that is approximately four times higher than in water, the

resulting diffraction pattern is compressed compared to that

in water. this allowed positioning the natural focus inside or

right after the path in steel. As a result, Wallace et al. (2007)

satisfy the plane wave approximation by measuring in the

far field, requiring no further diffraction corrections.

Yu et al. (2014) performed an evaluation of the compar-

ative technique, including simulations and a phantom exper-

iment for homogeneous tissue. The simulation study utilized

a linear probe as the source and measured b for 3 tissue

types at different distances. The experiment showed that the

estimated b did not depend significantly on the measurement

distance, demonstrating the method’s robustness. The

authors took into account tissue attenuation [Eq. (28)]. In

this work, the formula for B/A was derived from the special
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case of the comparative method: the finite amplitude insert

substitution (FAIS) technique explained below in Sec.

V B 2 f). This resulted in an erroneous formula. However,

since the transmission coefficients of the studied tissues

were close to unity, the introduced error was very small.

The authors assessed their technique to be within 3% of

uncertainty.

Reflection mode comparative method. Kourtiche

et al. (2001) used the same transducer to transmit the funda-

mental and receive the 2nd harmonic reflected from a reflec-

tor plate. In this case, the 2nd harmonic generation occurs

both ways. The authors also performed an analysis of the

electromechanical behavior of the transducer at different

transmit frequencies. A transducer generates a “clean” and

strong fundamental around its resonance frequency. At the

same time, it must be sensitive enough to detect the 2nd har-

monic of the transmitted signal. Therefore, a favorable

trade-off frequency region must be determined for B/A esti-

mation. Besides this, a transducer usually shows different

sensitivities in transmission and in receiving. These are

influenced by the impedance of the transducer, which varies

with signal frequency and the impedance of the medium.

The authors showed that neglecting these effects can lead to

errors in b estimation and that there is a frequency range

where B/A can be estimated most accurately. This work is

relevant for all echo-mode developments as well as trans-

mission mode measurements utilizing identical transducers

as source and receiver.

f. FAIS method. Transmission mode FAIS. The FAIS

method was motivated by the idea of avoiding absolute pres-

sure measurements, similar to the comparative method.

Some authors classify the comparative method (Sec.

V B 2 e) as a particular case of FAIS (Yu et al., 2014), which

in reality was developed later. In light of this, it should be

noted that the equation utilized for the comparative method

should not be derived as a general case of the FAIS. With

FAIS, the medium under study is inserted in a water path

and does not have the same length as the reference medium

(water), in most cases resulting in 2 reflection interfaces

(Fig. 7). Initially, Shklovskaya-Kordi (1963) developed this

method based on the Fubini solution [Eq. (26)] for measure-

ment of internal pressure through B/A. When the source

pressure and distance between the source and receiver (L)

are fixed (in this work kept within the near field distance to

adhere to the plane wave approximation), the amplitude of

the 2nd harmonic in a water path P20, whose B/A is known,

is compared to that when a sample of thickness d is inserted

in this path P2m. Through the ratio P2m=P20, we can calcu-

late B/A as (Gong et al., 1984),

B

A

� �
m

¼ P2m

P20

L

dD0D00
�L

d
þ1

� �
ðq0c0

3Þm
ðq0c0

3Þ0
1

D00
B

A

� �
0

þ2

" #
�2;

(33)

where D0 and D00 are the sound transmission coefficients from

water to the sample and from the sample to water, respectively,

D0 ¼
2 q0c0ð Þ0

q0c0ð Þ0þ q0c0ð Þm
; D00 ¼

2 q0c0ð Þm
q0c0ð Þ0þ q0c0ð Þm

: (34)

Equation (33) is only valid when the investigated medium is

nearly lossless. Moreover, the formula was derived merging

the 2nd harmonic contribution from water before the sample

and after it, which is justified if the acoustic impedance of the

medium is close to water. Alternatively, the medium can be

placed very close to the receiver, making the 2nd harmonic

generation in the water path after the sample negligible.

Because of this, the sample is conventionally positioned close

to the receiver in all FAIS modifications. As for the compara-

tive method, FAIS does not require transducer calibration for

recovery of the absolute pressure values since the pressure

ratio term is equivalent to the received voltage ratio. Gong

et al. (1989) built on this method, introducing an attenuation

correction in Eq. (28) aimed at measuring B/A of tissue, mak-

ing the assumption that ða2 � 2a1Þz is small, valid for most

tissues as they have a nearly linear frequency dependence

(Duck, 1990; Goss et al., 1979). The resulting expression is

B

A

� �
m

¼ P2m

P20

L

d
eða1þð1=2Þa2Þd

�

� L

d
� 1

� �
eða1�ð1=2Þa2ÞdD0D00

�

� ðq0c0
3Þm

ðq0c0
3Þ0

1

D002D0

�
B

A

�
0

þ 2

" #
� 2: (35)

Here, one can see that a measurement of the attenuation

coefficient at the fundamental a1 and the harmonic a2 is

required for B/A determination. Besides this, Gong et al.
(1989) also introduced a diffraction correction which for

most biological tissues (speeds of sound: 1400–1600 m/s)

they quantified to be within 2%. However, it must be noted

that, in general, for liquids with a speed of sound further

away from that of water, the diffraction correction can intro-

duce significant errors (e.g., 5% error for ethanol).

Wu and Tong (1998) measured B/A of contrast agents.

Since B/A of contrast agents can be on the order of hundreds

and thousands, the harmonic component generated in water

can be neglected for the configuration in Fig. 7. This

resulted in a simpler expression. No diffraction correction

was used, possibly due to the assumption of a similar speed

of sound in contrast agents to that of water (not stated).

Dong et al. (1999) derived a formula analogous to Eq.

(35), however, they utilized the general expression for

FIG. 7. (Color online) Setup for the FAIS method.
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attenuation in Eq. (27). Dong et al. (1999) positioned the

sample and the receiver in the extreme far field of the

source, another region of the piston field where the plane

wave approximation may be considered valid. The authors

removed all harmonic content generated in the near field by

placing an acoustic absorber before the sample. Yet, due to

the absorber, the insonifying amplitude is expected to have

been low, and the resulting distortion weak. Cortela et al.
(2020) and King et al. (2011) utilized the same configura-

tion as Dong et al. (1999) to measure B/A of gellan gum-

based tissue-mimicking phantoms. Choi et al. (2011)

utilized the same formula as Dong et al. (1999) in a setup

where no acoustic absorber was used. They presented the

temperature dependence of B/A of porcine liver.

Harris et al. (2007) proposed another setup that allowed

avoiding diffraction correction. Their solution was a

large source transducer (8 cm in diameter), which provided

a broad plane wave region, without diffraction effects.

Figure 5 demonstrates such a triangular region in the prox-

imity of the transducer, where the field is stable.

Kujawska et al. (2003) introduced a modified FAIS

method. A model of the ratio P2m=P20 depending on sample

thickness d was fit to experimental data when using a small

receiver (0.4 mm in diameter). The best fit of the data pro-

vided an estimate B/A for liquids and homogenized tissue.

The current approach required no plane wave assumption.

Zeqiri et al. (2015) conducted a detailed analysis of the

influence of several factors on the accuracy of B/A measure-

ment with the FAIS, e.g., sample positioning with respect to

the receiver, source pressure amplitude, and sample thickness.

Reflection mode FAIS. Lu et al. (2004) utilized FAIS in

reflection mode, transmitting and receiving with the same com-

pound transducer whose inner ring served as the source, and

outer ring received the signal from a reflector plate. In this

case, the authors needed to take into account 2nd harmonic

generation in the forward and backward path, making the cal-

culations more complex. It is of notice that for FAIS, the trans-

ducer sensitivity is not altered by the studied medium. The

authors showed a strong dependence of B/A in porcine liver

and muscle on temperature, suggesting the possibility of tem-

perature monitoring through B/A during HIFU.

Nonlinear acoustic microscopy. Acoustic microscopy

allows studies of small-volume samples (e.g., 0.1 mL; Saito,

2010). It utilizes high frequency sources (14–19 MHz) in

conjunction with acoustic lenses that provide a short focal

distance (e.g., 2.3 mm; Germain et al., 1989). Altogether,

this produces appreciable nonlinear effects in the focal spot

already at such short distances. All the studies in this field

have adapted the comparative and FAIS techniques using

water as a reference medium and either completely filling

the space by the sample, or positioning it only in the focal

region, surrounded by water.

Banchet et al. (2000), Banchet and Cheeke (2000), and

Germain et al. (1989) developed an acoustic microscope for

the measurement of B/A. The 2nd harmonic was detected by

a planar transducer. Its generation was assumed to be con-

fined to the focal region and was described with plane wave

theory utilizing Eq. (28). This system also allowed measur-

ing sound velocities; however, parameters like density and

attenuation needed to be measured beforehand to enable cal-

culations with Eq. (28).

Additional work in this direction was performed in

Saito (1993a,b, 2010), Saito and Kim (2011), and Saito

et al. (2005). The final setup of the developed system uti-

lized the source as a receiver, detecting the signal from a

reflector. The authors made use of Gaussian beam theory

that models the field as a series of beams whose spatial pres-

sure distribution is described by the Gaussian function (Kim

et al., 2006). This system allowed measurement of B/A as

well as linear acoustic parameters, including sample density.

At the latest stage of development, Saito and Kim (2011)

generated two-dimensional (2D) images of B/A and linear

acoustic parameters by mechanically translating the samples

of biological tissues (e.g., fat vs nonfat; coagulated vs nor-

mal), showing that tissue B/A was variable on a microscale

and exhibited different variation patterns than the linear

parameters (e.g., attenuation, density). In Saito (2010) and

Saito and Kim (2011) the authors observed good reproduc-

ibility of their measurements (within 1%) and stated the

measurement error to be within 10%, typical for FAMs.

g. Transmission line method. Dong et al. (2006) and

Kushibiki et al. (1997) introduced a novel method utilizing fre-

quencies as high as 100–200 MHz. The specimen was posi-

tioned between two SiO2 buffer rods with transducers at their

outer ends. SiO2 has a negative b: its 2nd harmonic shows an

opposite phase compared to that generated in liquid. This way,

when acquiring P2 for different sample lengths, at a certain

point the 2nd harmonic was cancelled out completely. The

authors utilized plane wave theory [Eq. (27)], incorporating

diffraction and dispersion in Kushibiki et al. (1997), showing

that this gives more stable B/A estimates. The major advantage

of this method is that no pressure measurement is needed.

However, the observed b for water was 20% higher than the

value reported in literature. This was ascribed by the authors to

uncertainties in the properties of SiO2.

3. B/A imaging

The studies discussed in this section consider B/A estima-

tion in heterogeneous media. First, the section performing

through-transmission measurements is presented. In this case,

the image is reconstructed with computer tomography (CT)

once the through-transmission measurement is repeated for

several sample rotation and translation configurations (Fig. 8).

The reconstruction is obtained by use of the Radon transform

with the resulting image resolution being determined by the

number of employed rotation angles. The reflection-mode

measurement follows the same scheme, however, using the

source as the receiver. After transmission through the tissue,

the signal is reflected from a reflective plate on the opposite

side of the sample. Echo-mode imaging is the last family of

methods presented in this section. In this case, the signal is

received by the source transducer as it is reflected along its
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propagation path in tissue, due to tissue inhomogeneities. This

distinction between reflection-mode and echo-mode imaging

will be further used in this review.

a. B/A tomography. Zhang and Gong (1994, 1999) and

Zhang et al. (1996) implemented B/A tomography based on

the FAIS method. When considering a heterogeneous

medium, the received 2nd harmonic amplitude at a distance

L from the source is the result of its propagation path where

different values of b; a1; a2 correspond to every z,

P2m Lð Þ ¼ pf2P1ð0Þ2

2 q0c0
3ð Þm

ðL

0

bmðzÞ exp

�ðz

0

�2a1ðzÞdz

�
ðL

z

a2ðzÞdz

�
dz; (36)

where the indice m refers to the medium under investigation.

In order to avoid conversion to absolute pressure values, the

authors also measure the amplitude of the 2nd harmonic

P2ðLÞ in a homogeneous reference medium with a known b.

The reference medium was water, making it possible to

apply the lossless Fubini solution [Eq. (26)],

P20 Lð Þ ¼ pf2P1ð0Þ2

2 q0c0
3ð Þ0

Lb0: (37)

This way, when the sample is placed in the water path

between the source and the receiver, the ratio of the received

2nd harmonics is defined by

P ¼ P2mðLÞ
P20 Lð Þ

¼
q0c0

3
� �

0

q0c0
3ð Þmb0

ðL

0

bmðzÞ

� exp

ðz

0

�2a1ðzÞdz�
ðL

z

a2ðzÞdz

 !
dz: (38)

The implemented CT system allowed for rotation of the sam-

ple and translation of the source and receiver (hydrophone)

along the sample length (Fig. 8). The receiver was positioned

in the near field of the transmitting transducer. The obtained

projection images of the ratio P [Eq. (38)] were transferred to

the b domain by the filtered convolution method and then cor-

rected by multiplying with the attenuation matrix describing

the sample’s attenuation in space (estimated by attenuation

tomography with the same setup). This work showed promis-

ing results; however, the authors concluded that attenuation

and velocity estimates required further improvement. Yu et al.
(2014) also simulated B/A tomography based on Eq. (38),

modified for the case of an attenuating reference medium and

utilizing a filtered back projection algorithm.

b. b tomography in reflection mode. Gong et al. (2004)

extended their previous work (Zhang et al., 1996) to reflec-

tion tomography. The tissue sample was positioned in water

between the source and a reflective plate, where the reflec-

tive plate replaced the receiver in Fig. 8. Equation (38) was

extended, now containing nonlinear generation and attenua-

tion terms for the forward and backward path. Figure 9

presents an example of an image acquired in this work. In

this image, we can see a two-layered tissue structure with

porcine liver surrounded by porcine fat, submerged in water.

c. b imaging in echo-mode. Reflection mode imaging

poses additional challenges, compared to transmission tomog-

raphy. In the latter case, the recorded signal has travelled

through the whole bulk of the tissue, and therefore, the effect

of varying scatterer density within the medium is averaged out.

However, when utilizing echo-mode b imaging, the strength of

the reflected echoes is, to a large extent, defined by the scat-

terer density at each reflection point (Waag, 1984), masking

information about other acoustic properties. To cancel out the

scatterer effect, scientists normalized the recorded signal to a

signal that is assumed to have an analogous scattering pattern.

Three different reference signals have been identified in litera-

ture. One utilizes an additional signal, transmitted at the 2nd

harmonic frequency. Another utilizes the second harmonic

amplitude reflected from a scattering homogeneous reference

medium. The last reference signal is the reflected fundamental

component of the received pulse.

Akiyama (2000) and Fujii et al. (2004) found a way to

mitigate the influence of scatterers by assuming that the

scatterer distribution affects a signal of a certain frequency

in the same way, whether it is the generated 2nd harmonic at

2f0 of the fundamental at f0, or whether it is the transmitted

fundamental at 2f0. The authors assumed that the 2nd har-

monic is generated only in transmission, and not on the way

back when reflected from scatterers due to low amplitudes

of the reflected signal. Attenuation was taken into account in

both directions of propagation, leading to

P2hðzÞ ¼ P0
2ðf0Þ exp

�
� 2

ð
aðf0; zÞdz

�
ð

að2f0; zÞdz

�
cð2f0; zÞ

ð ðB=Aþ 2Þ2pf0
4q0c0

3
dz;

(39)

FIG. 8. (Color online) Top view of the typical CT scanning system.

Multiple signal acquisitions are performed for various sample rotation con-

figurations and multiple source-receiver translations.
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where q and c are medium properties, assumed constant and

cð2f0; zÞ is the backscattering characteristic term. The

received fundamental when transmitting a 2nd pulse at 2f0 is

also proportional to cð2f0; zÞ, and
Ð

að2f0; zÞdz. Therefore,

the ratio of the generated 2nd harmonic to the fundamental

at the frequency of the 2nd harmonic cancels out the back-

scattering and the attenuation at 2f0 terms. The authors

extracted h(z), a parameter defined by B/A, speed of sound

and density of the medium with the following equation:

hðzÞ ¼ A0ð0; 2f0Þ
P0

2ð0; f0Þ
d

dz

P2hðzÞ
P2f ðzÞ

" #
; (40)

where P0 and A0 are pressures at the source when transmit-

ting at f0 and 2f0, respectively. Signals P2hðzÞ and P2f ðzÞ are

the received 2 harmonic and fundamental at 2f0, correspond-

ingly. It is important to note that the studies mentioned

above retrieved one single value of h, fitting a line to the

ratio P2hðzÞ=P2f ðzÞ observed throughout the whole sample

depth. Besides a phantom study, Fujii et al. (2004) con-

ducted an in vivo clinical study with 41 patients, using h as a

single-valued indicator of liver fat content.

A similar strategy was followed by Gong et al. (2004)

and Liu et al. (2008) who acquired C-scan images of the

B/A profile, modifying Eq. (40),

B

A
ðzÞ ¼ 4q0c0

3

x
A0ð0; 2f0Þ
P0

2ð0; f Þ
d

dz

P2hð2f0; zÞ
P2f ð2f0; zÞÞ

" #
� 2; (41)

assessing the local slope of the ratio P2hð2f0; zÞ=P2f ð2f0; zÞ
of the echoes reflected by tissue. The authors showed very

promising discrimination capabilities, when imaging hetero-

geneous tissue models in the plane perpendicular to the

beam propagation direction, by mechanically scanning their

system point by point. No capabilities of B/A discrimination

in depth of the sample were presented.

Varray et al. (2011b) extended the comparative method

[Eqs. (36) and (27)] to enable imaging of heterogeneous

media in echo mode. By taking several acquisition lines in

the filtered 2nd harmonic image as a reference, the authors

normalized the 2nd harmonic response of the whole image

to construct a b image. The images of two phantoms with

inclusions were acquired with the ULA-OP scanner (X-

Phase), transmitting a focused beam. Experimental images

acquired with this strategy in other works (Toulemonde

et al., 2014; van Sloun et al., 2015) are presented in Figs. 10

and 11. van Sloun et al. (2015) eliminated the influence of

scatterer density, expressing bðzÞ ¼ f ðP2hðzÞ=Pf ðzÞÞ as a

function of the ratio of the received amplitudes of the 2nd

harmonic to the fundamental, derived from the 1D lossy

Westervelt equation [Eq. (8)]. The proposed approach was

called “the harmonic ratio method.” Simulations were per-

formed with the iterative nonlinear contrast source

approach, capable of modelling 3D fields in complex media

(Demi et al., 2011). The modelled media exhibited different

b and a values with the same constant speed of sound and

density. The resulting images showed good contrast. A more

realistic tissue-mimicking phantom acquisition was per-

formed with the ULA-OP scanner, acquiring 128 radio fre-

quency (RF) lines. van Sloun et al. (2015) compared the

proposed method to the extended comparative method

(Varray et al., 2011b) and direct estimation of b from the

2nd harmonic amplitude [Secs. V B 2 c and V B 1, Eqs.

(27)–(30)]. The two phantom layers had different oil content

and were, therefore, expected to have different b. The result-

ing normalized b images of the phantom for the three stud-

ied strategies are presented in Fig. 10. All methods showed

capable of distinguishing two layers with different oil con-

tent. However, the strategy proposed in van Sloun et al.
(2015) showed more homogeneous estimates for both layers

and better consistency over depth. Unfortunately, no follow-

up experimental work further confirmed the applicability of

this method in a realistic clinical setting.

Another in silico work Toulemonde et al. (2014) pro-

posed utilizing the extended comparative method (Varray

et al., 2011b) on compounded B-mode images acquired with

high frame rate plane wave imaging. Utilizing plane waves

allowed imaging at various depths compared to focused

beams (Varray et al., 2011b) while compounding reduced

the speckle. Moreover, to reduce the speckle, filtered second

harmonic images were normalized by the corresponding fil-

tered fundamental images. These normalized second har-

monic signals were compared to those of the reference

medium to extract the B/A distribution. This way,

Toulemonde et al. (2014) proposed utilizing two types of

signals to reduce the influence of scatterers on B/A estima-

tion: the fundamental of the received signal and the received

2nd harmonic of a reference medium. This approach

resulted in a more accurate B/A reconstruction of a simple

B/A distribution than with the original extended comparative

method in Varray et al. (2011b). Nevertheless, B/A images

of a simulated medium with a complex B/A distribution

were greatly degraded by the remaining speckle pattern for

both methods. Further, this approach was extended to multi-

taper coherent plane wave compounding (Toulemonde

et al., 2015) using several orthogonal apodizations for plane

wave beamforming, creating several speckle patterns

for each steering angle. Toulemonde et al. (2015) presented

B/A images of in silico and experimental phantoms, showing

a better B/A delineation compared to previous approaches

FIG. 9. Reprinted from Gong et al. (2004). (a) Model of the imaged media:

porcine liver surrounded with porcine fat, submerged in water. (b) The

acquired reflection-mode tomographic image, utilizing the finite amplitude

insert-substitution method.
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(Toulemonde et al., 2014; Varray et al., 2011b).

Experimental images of a three-layered tissue-mimicking

phantom are presented in Fig. 11.

C. Fundamental nonlinear absorption

1. Basic theory

When observing an increase in absorption with signal

intensity (Fox and Rock, 1941), this was first attributed to

cavitation. Later, however, it was recognized (Fox and

Wallace, 1954) to be the result of energy transfer from the

fundamental to higher harmonics. Moreover, as nonlinear

effects grow with the source amplitude [e.g., Eq. (26)], non-

linear attenuation increases along with them, limiting the

power that can be possibly delivered to a certain depth (Fig.

12) (Hikata et al., 1980; Kashkooli et al., 1987).

In the shock-free or pre-shock region (r < 1) of a loss-

less medium, the fundamental component of a plane wave

will decrease according to Eq. (42) due to energy transfer to

higher harmonics (Fubini-Ghiron, 1935),

P1ðzÞ ¼ P0 1� 1

8
r2

� �

¼ P0 1� 1

2

1þ 1

2

B

A

� �
zpf0

q0c0
3

P0

2
64

3
75

2
0
BB@

1
CCA: (42)

Additional small-signal attenuation losses can be accounted

for by the Keck and Beyer solution (Keck and Beyer, 1960)

for the fundamental.

Another way to account for both effects of small-signal

attenuation and nonlinear depletion of plane waves was pro-

posed by Bartram (1972) and Rudnick (1952), introducing

spatial changes that are ascribed to the rate of heat produc-

tion due to fluid heating by the shock fronts and energy loss

between shocks,

FIG. 10. (Color online) (a) Model of the imaged gelatin-based tissue-mimicking phantom with two layers of different oil content. Reprinted from van Sloun

et al. (2015), with the permission of AIP Publishing. (b) Direct method. (c) Extended comparative method, proposed in Varray et al. (2011b). (d) Harmonic

ratio method proposed in van Sloun et al. (2015).

FIG. 11. (Color online) (a) Model of the imaged gelatin-based tissue-mimicking phantom with a layer of greater oil content than in the side regions.

Reprinted from Toulemonde et al. (2015) with the permission of AIP Publishing. (b) Image acquired with the extended comparative method, utilizing a

focused beam (Varray et al., 2011b). (c) Extended comparative method, making use of plane wave compounding (Toulemonde et al., 2014). (d) Extended

comparative method, utilizing multitaper coherent plane wave compounding (Toulemonde et al., 2015).
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dPðzÞ
dz
¼ �aP� bfp

q0c0
3

P2: (43)

The equation above was first introduced for weak shock the-

ory (r > 3); however, it has also been adapted by Kashkooli

et al. (1987) to describe the fundamental amplitude change

at r < 3, the proposed solution being

PðzÞ ¼ Pð0Þe�az 1þ ð1� e�azÞbpfPð0Þ
aq0c0

3

� ��1

: (44)

When the source pressure is low, the dominating term in Eq.

(44) is the first one on the right hand side, describing small-

signal attenuation, and corresponding to the linear region in

Fig. 12. However, as the source pressure increases, the har-

monics grow, depleting the fundamental harmonic as

described by the 2nd term in Eq. (44) and corresponding to

the saturating process in Fig. 12.

2. B/A measurement of homogeneous media

a. Transmission mode. Hikata et al. (1980) and

Kashkooli et al. (1987) used the finite amplitude loss tech-

nique (FALT) based on Eq. (44). The authors performed a

transmission measurement, where the dependence of the

received signal pressure P(z) on the intensity of the transmit-

ted signal pressure P(0) was recorded at a fixed distance.

When expressing the dependence of Pð0Þ=PðzÞ via P(0),

they extracted b from the slope of this linear dependence.

The authors discuss the trend of the FALT to yield values,

higher than those acquired with the thermodynamic method

(Sec. III) and from light diffraction (Sec. V A 1). Even

though limited to homogeneous media, the method is rather

simple, requiring a pair of transducers with a similar reso-

nance frequency. The internal consistency of the measure-

ments was stated to be 10% (Kashkooli et al., 1987).

b. Echo-mode. Byra et al. (2017) applied the lossless

plane wave theory [Eq. (42)] to determine B/A of water.

Typical for echo-mode imaging, it was assumed that the

backscattered waves travelled linearly. The Verasonics

research scanner (Verasonics, Inc.) equipped with a linear

array probe L12–5 was used to image a set of reflecting

wires positioned at different depths in water. By sending

progressively increasing pressure values, the authors were

able to observe a portion of the fundamental saturation (Fig.

12) and by fitting Eq. (42) to this curve extract water’s b.

3. B/A imaging

All B/A imaging works, based on the registration of the

fundamental amplitude, were performed in echo-mode.

Iinuma (1988) patented the approach of detecting funda-

mental saturation already in 1988 when utilizing an array

transducer. A simple approximate equation was used to

describe the received pressure Prec, depending on the trans-

mitted pressure Ptrans,

Prec ¼
Ptrans

1þ aPtrans
; (45)

where a is the parameter reflecting nonlinear effects, equal

to 0 if nonlinear effects are absent.

Nikoonahad and Liu (1990) utilized a similar approach.

However, actual B/A values were determined and a single-

frequency pulse was used. The authors utilized the approxi-

mate analytical solution to a nonlinear differential equation

in terms of density fluctuations (Tjotta and Tjotta, 1981),

determining B/A from the fundamental depletion of echoes

as the source pressure was progressively increased.

Diffraction effects were cancelled out by taking the ratio of

two signals received at different source pressures. The the-

ory was validated with simulations and an experimental

measurement in ethylene glycol after a calibration procedure

in water. The authors also showed in Nikoonahad and Liu

(1989) that it was possible to resolve B/A of a phantom with

heterogeneous liquid layers by taking track of the pulse’s

history and using a recursive algorithm. Nikoonahad and

Liu (1989) stated that the applicability of the method to tis-

sue still had to be investigated, since the high viscous losses

in tissue may not allow for sufficient fundamental depletion

at safe pressure levels.

Aiming to enable real-time B/A assessment, Fatemi and

Greenleaf (1996) adapted the theory from Nikoonahad and

Liu (1990), limiting the number of transmissions to two: one

at a low amplitude in the linear regime, and another at a

high amplitude with prominent nonlinear phenomena. The

authors generated images in which shadows reflected non-

linearity of preceding regions, in a manner in which attenua-

tion manifests itself on B-mode images, as well as relative

B/A images. The authors imaged the nonlinearity of ethanol

and water, as well as fat-muscle structures, and tissue-water

and tissue-contrast agent structures, concluding that the

method can effectively identify regions of elevated

nonlinearity.

In conclusion, several works utilizing the depletion of

the fundamental to measure B/A have been presented.

FIG. 12. (Color online) A response curve showing the phenomenon of satu-

ration as the source power is increased, for a lossless medium.

Experimental curves can be found in Hikata et al. (1980) and Kashkooli

et al. (1987).
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Utilizing the fundamental is practical, since in most

pulse-echo systems the receiving transducer has a relative

bandwidth of 50%–70%, making it challenging to detect

harmonics with a good signal-to-noise ratio (SNR) (Fatemi

and Greenleaf, 1996).

VI. PARAMETRIC ARRAY

The concept of the parametric array was introduced to

acoustics by Westervelt (1963), stating that two collimated

coaxial acoustic beams, approximated by plane waves, gen-

erate the sum and difference frequency waves (secondary

waves). The secondary waves represent narrow beams,

whose amplitude is proportional to the parameter of nonline-

arity b of the propagation medium and rises linearly with

distance from the probe z0,

Psðz0Þ ¼ �
S0xs

2

4pq0c0
4
bP1ð0ÞP2ð0Þ

�
ðz0

0

expð�ða1 þ a2Þz� asðz0 � zÞÞ
z0 � z

dz: (46)

Equation (46) is intended for homogeneous media, where

Ps and as are the pressure amplitude and attenuation coef-

ficient of the secondary wave, P1ð0Þ and P2ð0Þ are ampli-

tudes of primary beams at the source, a1 and a2 are their

attenuation coefficients, and S0 is the beam cross-

sectional area of the primary beams. The difference fre-

quency wave undergoes lower attenuation compared to

the sum component. Therefore, if two source frequencies

are close to each other, the difference frequency wave is

simpler to detect compared to the sum component. In the

contrary situation, the sum component may be more

favorable since Ps is proportional to xs. Detection of the

difference or sum frequency component provides a means

of b measurement, called the parametric array method.

The section below summarizes the evolution and progress

made regarding its application. Table VI presents all the

identified works, utilizing the parametric array method to

measure B/A.

The possibility of b measurement with the parametric

array was first demonstrated in Nakagawa et al. (1984),

when the finite amplitude and thermodynamic methods were

already actively used and compared (Law et al., 1983,

1985). In a configuration when a dual-frequency voltage

pulse was transmitted by a transducer and detected by a

hydrophone in a transmit-mode configuration, the authors

estimated b of an agar gel phantom by comparing the ampli-

tude of the difference frequency wave in water to that of an

agar gel phantom. Here, attenuation effects were taken into

account, and b was estimated as an average uniform value.

In the same paper, Nakagawa et al. (1984) extended this

method to CT using a conventional system (Fig. 8), generat-

ing the first CT images acquired with the parametric array

method. This work was further continued in Nakagawa et al.
(1986), confirming that attenuation and b images could be

acquired with the proposed system and discovering that the

estimation of attenuation was heavily influenced by refrac-

tion, causing errors in b reconstruction. Nakagawa et al.
(1986) and Nakagawa et al. (1984) used the Westervelt

equation to model the secondary wave propagation [Eq.

(46)]. Since an accurate estimation of S0 poses a problem,

the b value can only be estimated when comparing the sec-

ondary wave sound pressure generated in the sample to that

of a medium with a known b. Arnold et al. (1987) and

Nakagawa et al. (1986) simplified the analysis of the para-

metric array method by describing it with the Burgers equa-

tion [Eq. (10)] rather than the Lighthill’s exact equation for

arbitrary fluid motion used by Westervelt (Westervelt,

1963). The solution of the Burgers equation for homoge-

neous media is

Psðz0Þ ¼ �
xsP1ð0ÞP2ð0Þ

q0c0
3

b

�
ðz0

0

exp½�ða1 þ a2Þz� asðz0 � zÞ�dz: (47)

This allowed for direct b reconstruction from the registered

primary wave amplitudes, and estimated attenuation

TABLE VI. Summary of parametric array works.

Study Type of assessment, imaged parameter Investigated media Uncert., %

Nakagawa et al., 1984 Single measurement (for homogeneous

Media), b
bref

, tomography, b
bref

Agar gel phantom —

Arnold et al., 1987;

Nakagawa et al., 1986

Tomography, b Phantoms with inclusions —

Cai et al., 1992 In silico diffraction tomography, b Simulated weakly, moderately, and strongly

scattering objects

—

Zhang et al., 2001a In silico tomography, b Simulated fluids, biological tissues <1 (in silico experiment)

Zhang et al., 2001b Tomography, b Tissue phantoms with water, porcine liver

and fat, pathologic liver; boiled egg

10 (tissue)

Wang et al., 2003 Reflection tomography, b Normal and pathological porcine liver 5 (tissue)

Barrière and Royer, 2000,

2001

Single measurement (for homogeneous liq-

uid media), b
Ethanol, water 2–5 (liquid)

Bereza et al., 2008;

Burov et al., 2006

Tomography (noncollinear parametric inter-

action), variation of b
Wool fibre, hog fat in water —
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compensation. Just as for previous studies, the source of

errors in primary wave data and the attenuation correction

term were attributed to diffraction or refraction effects.

Diffraction tomography was proposed as a solution to this

problem. The possibilities of diffraction tomography were

studied based on theory and simulations in Cai et al. (1992),

where the authors had to come back to the equation initially

derived by Westervelt (1963) to include the diffraction

effect for weakly, moderately, and strongly scattering

objects. The presented simulations show the ability to recon-

struct the b profile; however, these findings, to our knowl-

edge, were not experimentally confirmed.

Another group (Zhang et al., 2001a) used Eq. (47) to

express the secondary wave amplitude. However, they used

the ratio of the secondary wave pressure amplitude after and

before inserting the specimen as the projection data, adapt-

ing the insert substitution method introduced for the 2nd

harmonic (Gong et al., 1989) to the parametric array

method. They calculated the sound field produced by a pis-

ton source, representing the primary beams as a superposi-

tion of Gaussian beams. This way the authors, for the first

time, demonstrated, based on theoretical analysis, that the

amplitude of the difference frequency wave is nearly pro-

portional to the distance from the source (reducing possible

diffraction errors) and has no side lobes. For these reasons,

they concluded that the parametric array method provides a

better source to image b, granting higher resolution and

higher accuracy compared to the 2nd harmonic. The authors

showed the feasibility of the proposed CT method for b
imaging with computer simulations. A follow-up with

experimental results was published in Zhang et al. (2001b),

confirming theoretical considerations regarding the second-

ary wave profile. CT images of phantoms with different b
configurations, reasonably agreeing with previous b mea-

surement results of other methods, were presented. The

authors did not take diffraction effects into account, consid-

ering their influence reduced due to the stable rise of the dif-

ference frequency component, and the use of the FAIS

method. In Wang et al. (2003), the group extended their

work from Zhang et al. (2001a) to reflection mode imaging,

presenting the theoretical analysis and the developed imag-

ing system. They used a compound transducer as a transmit-

ter and receiver, recording the signals reflected from an

aluminium plate located behind the sample of interest. The

images showed promise, detecting a difference between

healthy, fatty, and hepatocirrhosis liver tissue. The same

strategy was utilized in Gong et al. (2004), acquiring the

image of a three-layered medium in Fig. 13: porcine liver

surrounded by porcine fat, submerged in water.

Barrière and Royer (2000, 2001) introduced a new setup

for b measurement of liquid media. They showed that the

interaction of two primary beams with a high frequency

ratio (>10) is equivalent to the phase modulation of the

high-frequency wave. In a configuration where the two

source transducers are on opposite sides of the sample

chamber, a low frequency pulse with a velocity potential w2

modulates a high frequency plane wave with a velocity

potential w1. An important contribution of this paper is the

analysis of the diffraction effects based on plane wave

expansions. The authors showed that in the case of two pri-

mary beams with a high frequency ratio (>10), the diffrac-

tion effect on the secondary wave is identical to that on the

high frequency carrier wave. Therefore, since the presented

method compares the amplitude of the secondary wave

wsðrÞ to the high frequency primary wave w1ðrÞ to extract b,

the effect of diffraction is cancelled out. These observations

were confirmed when the measured b values of water and

ethanol showed good agreement with previously reported

values. The authors also extend this methodology with a

comparative method. In this case, no calibration of the low

frequency transducer is needed, and the relative amplitude

to that in water is used. The authors state the uncertainty of

their measurement to be within 5% for absolute measure-

ments and 2% when the comparative method is adapted.

Bereza et al. (2008) and Burov et al. (2006) are the

only works, to our knowledge, that register radiation of two

plane waves intersecting at an angle (Fig. 14). The theory of

such interaction is extensively treated in Hamilton and

Blackstock (1987) and Tjotta and Tjotta (1987). Just as for

the collinear case, nonlinearity results in the generation of

sum and difference frequency waves. However, in this case,

energy is scattered outside the region of primary wave inter-

action (Fig. 14), where it is described by the Westervelt

equation. This approach allows for the reconstruction of the

frequency components of the B/A distribution that depend

on the orientation of the two sources and the receiver, as

well as the transmit frequencies. To increase the range of

reconstructed frequencies and decrease the number of

required transducer configurations, the authors transmit

broadband signals. Moreover, these signals were encoded

such that propagation delays for the coded signals were dif-

ferent and predictable in each coordinate of the medium.

This way, each point scatterer radiated a specific coded sig-

nal proportional to b. The authors showed in silico and on

ex vivo heterogeneous media (e.g., hog fat in water) that the

high-frequency portion of B/A distribution can be recon-

structed with only three transducers involved in the mea-

surement (e.g., Fig. 14). In the case of multiple transducers

where a sharp angle exists between two sources, the recon-

struction of absolute b values is also possible. Besides this,

FIG. 13. (Color online) Reprinted from Gong et al. (2004). (a) Model of the

imaged media: porcine liver surrounded with porcine fat, submerged in

water. (b) The acquired reflection-mode tomographic image, utilizing the

parametric array method.
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the system is also capable of measuring the speed of sound c
distribution with no additional measurements. Differently,

this work registered the sum frequency, rather than the dif-

ferent frequency, since it allows for registration of a wider

band of frequency components of b (Burov et al., 2006).

What is more, the registered signals contain information

about the nonlinear parameter at a given location, unlike in

the case of previous parametric array works and most FAM

methods, which measure a cumulative signal.

Since the parametric array method allows generating

frequencies much lower than the primary waves, most works

based on Eqs. (46) and (47) neglect attenuation of the sec-

ondary waves as. As demonstrated by Zhang et al. (2001a)

and Zhang et al. (2001b), when using collinear beams, the

difference frequency waves rise almost linearly with dis-

tance from the source, making it easier to account for dif-

fraction effects. Moreover, the secondary beam has no side

lobes. Despite these advantages, it has been noticed in

Zheng et al. (1999) that “nearly 40 dB in amplitude level

difference exists between the primary waves and their

difference-frequency wave,” making the SNR level rather

low and its practical application difficult. Varray (2011)

noted that the length of the two transmitted pulses has to be

sufficiently long for the generation of the secondary fre-

quency components, setting a limitation to the resolution.

VII. PUMPING WAVES

Like the parametric array method, the pump wave

method also exploits nonlinear effects produced when two

plane waves interfere with each other. The principle of this

technique is described best by the adiabatic dependence of

speed of sound on B/A [Eq. (5)], already introduced for the

thermodynamic method. Rearranging this equation with the

use of the linear relation between pressure and particle

velocity DP ¼ q0c0u (Hamilton and Blackstock, 1987), we

obtain

c ¼ c0 þ
B

2A

DP

2q0c0

: (48)

One can now see how the speed of sound c changes with

excess pressure DP. Unlike in the thermodynamic method,

Ichida et al. (1983) created a variation in pressure DP by

transmitting a high-power beam (pump wave) perpendicular

to the probe beam [Fig. 15(a)], modifying the speed of

sound c and, therefore, the phase of the probe beam. By reg-

istering the modified phase of the probe wave, they

extracted B/A and created the very first images of the coeffi-

cient of nonlinearity in history.

The pumping wave techniques are presented hereafter

in two sections: the classic pump wave technique and the

SURF technique for echo-mode imaging. The main differ-

ence between these is that in the case of SURF, the probe

wave has a much higher frequency than the pump wave. A

summary of all the identified works is presented in Table

VII. Note that pumping wave tomography corresponds to a

line-by-line reconstruction, where the image is formed by

translating the probe transmit and receive transducers along

one direction [Fig. 15(a)]. This is different from conven-

tional tomography used by FAM and the parametric array

methods (Fig. 8).

A. Classic pump wave technique

In Ichida et al. (1983), the low power narrow carrier

beam (named “probe” beam) was received by another trans-

ducer after its modulation by the high-power low-frequency

plane wave, referred to as the pump wave [Fig. 15(a)]. The

pump wave was sufficiently broad to insonify the entire

object. This way, assuming a homogeneous density q0 [Eq.

(48)], B/A was the only parameter varying the speed of

sound along the path of the probe beam. Figure 15(b) illus-

trates the modulated variations of the speed of sound Dc1

and Dc2 that the probe wave experiences as it propagates

through a medium with the demonstrated B/A profile when

pump waves Ptransm1 and Ptransm2 of different frequencies

were utilized, respectively. The authors showed that the

phase shift D/ of the probe wave is the Fourier transform of

the B/A distribution,

D/
1

kp

� �
¼ p

q0c0
2

Ps

kc

ðL

0

B=AðzÞ expðj2p=kpÞdz; (49)

where z is the distance from the probe wave, kp and kc are

the wavelengths of the pump and probe waves, correspond-

ingly, Ps is the pump wave amplitude, and L is the distance

the probe wave travelled in the studied medium. This way,

the phase shift was measured for several frequencies trans-

mitted by the pumping wave; the corresponding Fourier

coefficients were then calculated and the B/A profile was

reconstructed. Mechanical movement of the carrier probe

allowed for generating a 2D image line by line.

Interestingly, the authors of this work observed a high B/A
FIG. 14. (Color online) Schematic of the setup utilized in Burov et al.
(2006), registering ultrasound scattered by two plane waves at an angle.
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in muscle and bone, and low B/A of fat, contrary to the

results of more recent measurements.

The previous scheme “required considerable time”

(Ichida et al., 1984) to acquire an image due to the fre-

quency scanning of the pumping wave. A later modification

(Ichida et al., 1984) of the sinusoidal pumping wave to an

impulsive pumping wave, containing many frequency com-

ponents at once, allowed this method to work in real-time.

In a further modification (Sato et al., 1985), the location of

the pumping wave was moved opposite the probe wave,

next to the probe receiver (Fig. 16), allowing for a more

compact and practical system. This configuration reduced

B/A estimation errors due to distortion of the pumping

wave’s front on the way to the probe beam due to inhomo-

geneous tissue attenuation. Moreover, another complemen-

tary acquisition where the probe and pump transducers

FIG. 15. (Color online) (a) Schematic of the first setup using pump waves, developed by Ichida et al. (1983). (b) A schematic illustration the speed of sound

variation of the probe wave at points in space z with the given B/A when a pump wave is transmitted. Dc1 and Dc2 correspond to pump waves of different

frequencies Ptransm1 and Ptransm2, respectively.

TABLE VII. Summary of works utilizing pumping waves to measure B/A.

Group Study

Type of assessment, imaged

parameter Investigated media Uncert., %

Classic pump

wave technique

Ichida et al., 1983 Homogeneous, tomography, B/A Water; images of a fish, pig tissue in

water, heated pig tissue

3 (liquid)

Ichida et al., 1984 Tomography, B/A Liquid phantom with inclusions,

human forearm

—

Sato et al., 1985 Tomography,
B=A

2q0c0
3 Liquid phantom with inclusions,

in vivo hamster

—

Berkhout et al., 1991; Kim et al.,
1990

In silico tomography Heterogeneous phantoms of fluids,

biological tissues

—

Cain, 1986 Theoretical basis of reflection-mode

tomography, B/A
— —

Houshmand et al., 1988 In silico tomography, B/A In silico phantoms with different 1D

B/A and attenuation profiles

—

Cain and Houshmand, 1989 In silico reflection-mode and trans-

mit tomography, B/A
In silico phantoms with different 1D

B/A profiles in lossless and attenua-

tive media

—

Kato and Watanabe, 1993, 1994 Homogeneous, heterogeneous 1D

B/A profiles

Water, benzyn alcohol layer in water —

SURF Ueno et al., 1990 Echo-mode 2D imaging, temperature Temperature distribution in pig tis-

sue and human abdominal tumor

20 (tissue)

Fukukita et al., 1996 Echo-mode 1D imaging, B/A Agar phantom, liquids, 2-layered liq-

uid phantom

5 (liquid)

Kvam et al., 2019b Echo-mode 2D imaging,

bp ¼ 1þ B
A

� �
ks

Phantom with inclusions —
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were interchanged allowed for tissue attenuation compen-

sation. Together, all the mentioned studies performed by

the same group have acquired B/A images of phantoms,

fish, human arm, and a hamster in vivo (Ichida et al., 1983;

Ichida et al., 1984; Sato et al., 1985).

Several further publications were devoted to improving

the previously presented method in an in silico environment.

Berkhout et al. (1991) and Kim et al. (1990) showed that by

additionally registering the frequency modulation of the sig-

nal one could also reconstruct the imaginary part of the

Fourier components of the B/A distribution. These complete

Fourier components acquired for a specific set of wave num-

bers showed the superior quality of the B/A profile recon-

struction. Cain (1986) presented the theoretical basis for

real-time B/A imaging in reflection mode using only one

transducer as a source of the probe wave, the pump wave,

and a receiver. The proposed transmit pulse consisted of two

parts: a unipolar, high-pressure pump pulse coming right

after the single-frequency, sinusoids probe wave (Fig. 17).

The probe wave’s length equals twice the distance from the

transducer to the reflector. This way, when the pump pulse

is just released from the transducer, the leading edge of the

probe wave is in the same position, already back at the

transducer surface, encountering the unipolar pump pulse.

As the waves propagate, the pump pulse continues to inter-

act with the reflected probe wave, producing phase changes,

in other locations of the sample. Houshmand et al. (1988)

continued this work, and for the same configuration studied

the quality of the B/A reconstruction when using different

shapes of the pump pulse. Houshmand et al. (1988) showed

that broadband pulses provide the best estimates of the

coefficient of nonlinearity and that a chirp is a good option,

providing a good B/A(z) estimate even for highly attenuat-

ing media. A following paper (Cain and Houshmand, 1989)

focused on practical considerations suitable for both reflec-

tion and transmit modes: the limitations regarding pump

width and pump amplitude as well as attenuation and dis-

tortion of the pump pulse as it propagates. The authors

showed that compensation for the former effects is possible

for several configurations of the pump and probe wave

pulses, enabling satisfactory reconstruction of B/A profiles

when a single reflector is present at the end of the imaged

B/A path. The authors noted that multiple reflections (e.g.,

tissue) pose a strong challenge in reflection-mode imaging,

since they interact with the pump wave, adding noise to the

image. This challenge, to our knowledge, was never over-

come in experimental work, with the classic pump wave

technique.

Kato and Watanabe (1993, 1994) introduced the general

case of nonlinear interaction between two-plane waves

intersecting at an angle h in a homogeneous medium

(Hamilton and Blackstock, 1987; Tjotta and Tjotta, 1987),

Dc ¼ us cos hþ Ps

2q0c0

B

A
; (50)

where us and Ps the particle velocity and pressure of the

pump wave, and Dc is the change in the probe wave’s speed

of sound. The equation above reduces to Eq. (48) in the per-

pendicular configuration used by the first pump wave work

(Ichida et al., 1983). For the plane wave case (us ¼ Ps=q0c0),

in the phase domain, we can derive

D/ ¼ xp

c0
2

ðL

0

�
cos hþ 1

2

B

A
ðzÞ
�

usdz; (51)

where L is the interaction distance of the waves. Further, the

authors showed that by registering the phase deviation of

the probing wave D/ at intersection angles h¼ 0 and h
¼ 180, they were able to reconstruct the distribution of abso-

lute B/A(z) values for a path consisting of water and benzyl

alcohol layers. Kato and Watanabe (1994) present the influ-

ence of diffraction effects on the B/A measurement. The sys-

tem included two probe sources at opposite sides of the

specimen, limiting the method to tomographic applications.

It was well noted by Kato and Watanabe (1993) that the

pump wave method exhibited a rather large number of simu-

lation studies (Berkhout et al., 1991; Cain, 1986; Cain and

Houshmand, 1989; Houshmand et al., 1988; Kim et al.,
1990), and not so many experimental works (Ichida et al.,
1983; Ichida et al., 1984; Kato and Watanabe, 1993; Sato

et al., 1985). The authors attributed this to rather small and

difficult to measure phase changes induced by the pump

pulse. A broad pump pulse is favorable for inducing stronger

phase changes. However, it also decreases image resolution.

FIG. 17. (Color online) Illustration of the pulse that enables B/A reflection

imaging with the pump waves with a single transducer, presented in Cain

(1986).

FIG. 16. (Color online) The first setup sending the pump wave nearly coaxi-

ally to the probe beam introduced by Sato et al. (1985).
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The current trade-off poses a requirement for an intense and

stable pump source.

B. SURF technique for echo-mode imaging

SURF imaging can be seen as the successor of the

pump wave method. The main difference is in that the probe

wave has a much higher frequency than the pump wave

(e.g., 2.5 MHz vs 300 kHz, Ueno et al., 1990) and is super-

imposed on the probe wave at a chosen phase interval. This

requires a dual frequency source (Fukukita et al., 1996;

Kvam et al., 2019b), where the probe wave transducer also

acts as a receiver in echo-mode. This technique requires two

acquisitions with different configurations of the pulse super-

position. For example, in Figs. 18(a) and 18(b), the probe

wave is superimposed on the pump wave at the zero cross-

ing of the particle velocity and peak particle velocity,

respectively. Given that the velocity at a point of an acoustic

waveform can be expressed as (Fukukita et al., 1996; Kvam

et al., 2019b; Muir and Carstensen, 1980)

v ¼ c0 þ
B

2A

� �
DP

q0c0

� �
þ up; (52)

where up is the particle velocity, a time delay s between the

distorted and undistorted pump wave accumulates with

s ¼ L
1

c0

� 1

v

� �
¼ Lbup=ðc0Þ2; (53)

proportionally to the travelled distance L (Fig. 19).

Therefore, the high-frequency probe pulse also distorts,

undergoing either compression or expansion (depending on

the phase of the pump wave), resulting in a shift of its center

frequency. Moreover, the pump wave profile is affected by

frequency-dependent attenuation, causing the center fre-

quency of the pump wave to decrease with propagation.

Fukukita et al. (1996) and Ueno et al. (1990) showed that

B/A and a can be extracted from the ratio of the probe pulse

spectra in two configurations of the probe wave superposi-

tion on the pump wave (Fig. 18). Moreover, since the

frequencies of the detected probe pulses are close, the spec-

tral ratio cancelled out scattering and diffraction effects. In

their work, Fukukita et al. (1996) and Ueno et al. (1990)

performed B/A and a measurements for several liquids,

showing that B/A depth profiles for different liquid layers

could be distinguished. In Ueno et al. (1990), in vivo images

of the temperature distribution in pig tissue and a human

abdominal tumor were inferred from measured B/A and

attenuation. Unfortunately, no explicit images of B/A were

provided.

Looking at Eq. (53) from another perspective, Kvam

et al. (2019b) expressed v as

v ¼ c0

�
1þ 1þ B

2A

� �
ksPs

�
¼ c0ð1þ bksPsÞ; (54)

substituting 1=A ¼ ks ¼ 1=q0c0
2, where ks is the isentropic

compressibility and bks ¼ bp is the nonlinear bulk elasticity

of the medium. Since in a realistic clinical setting, the den-

sity q0, the compressibility ks, and speed of sound c0 are not

known, the authors chose to measure the nonlinear bulk

elasticity of the medium bp rather than b. Inferring it from

time delays s, they modified Eq. (53), describing the accu-

mulated time delay s at point z0,

sðz0Þ ¼ �
ðz0

0

bpðzÞ
c0ðzÞ

PsðzÞdz; (55)

FIG. 18. (Color online) Examples of two configurations of pulse superposition used for the SURF method.

FIG. 19. (Color online) Illustration of the time delay s between the distorted

nonlinear (dashed line) wave and the undistorted (solid line) wave.
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for a plane wave probe pulse transmitted along z, superim-

posed with a positive phase of the pump wave, compared to

that without a pump wave. The equation above neglects

backward propagation delay and is accurate for the case

when signals reflected from a single scatterer are compared.

However, in reality, multiple scattering occurs as well as

random interference, side lobes, reverberation noise, and

refraction effects. Because of this, the authors chose not to

infer the bp variation from the derivative of s with respect to

the receive time, which would amplify the variations, but

rather fit a model based on Eq. (55) to estimate bp. An image

of the bp of a tissue-mimicking phantom is demonstrated in

Fig. 20. The estimation required knowledge of the pump

wave field in space P(z), inferred from a measurement in a

water tank.

Since the method compares signals with similar fre-

quency content, it is considered relatively insensitive to

attenuation and diffraction effects. The contribution of this

work is significant since the method shows good contrast for

an agar phantom with a corn oil inclusion in silico and

in vitro, acquired with a linear 1D dual-frequency array.

Besides this, Kvam et al. (2019a) found out that for most

soft tissues the variability in B/A comes from the isentropic

compressibility ks ¼ 1=A.

VIII. PHASE CONJUGATE BEAMS

Phase conjugate beams are time reversed beams, reradi-

ated back to the source (Cunningham et al., 2001) (Fig. 21).

An optical image of a reradiated phase-conjugate beam was

presented in Brysev et al. (2004). Phase conjugation pro-

vides the unique capability to compensate for phase distor-

tion of the wave and achieves high-quality retrofocusing.

Experimentally, this was demonstrated when a focused

beam was transmitted through an aberration layer with ran-

dom surface variations, and in a nonlinear nondispersive

medium with inhomogeneities (Brysev et al., 2004;

Preobrazhensky and Pernod, 2003). Since phase conjugation

provides amplification to the selected harmonic component

(e.g., fundamental and 2nd harmonic), 2nd harmonic gener-

ation occurs during backwards propagation, allowing to for

the registration of the 2nd or 4th harmonic of the transmitted

signal. The registered higher harmonic amplitudes reflect

B/A, and when the system is mechanically moved, it can

produce C-scans (Fig. 21). Following this strategy, imaging

of isoechogenic phantoms with heterogeneous B/A was pro-

posed in Preobrazhensky and Pernod (2003), where the

KZK equation was used to model wave propagation.

Experimental images of isoechogenic liquid and liquid in

gelatin phantoms (Krutyansky et al., 2007; Preobrazhensky

et al., 2009) provided good contrast, reflecting the B/A dis-

tribution when the 2nd and 4th harmonics were registered.

The fundamental images reflected varying attenuation or

reflection coefficients. No experimental images of tissues

were acquired. Such a possibility remains unclear since ret-

rofocusing has been demonstrated for the nonlinear modes

FIG. 20. (Color online) (a) Schematic of an agar-based tissue-mimicking phantom with an inclusion filled with corn oil. (b) Reprinted from Kvam et al.
(2019b). The image of the phantom acquired with the SURF method.

FIG. 21. (Color online) Typical phase conjugated beam setup. The arrows

pointing to the right indicate the propagation of the originally transmitted

signal; the arrows pointing to the left show the propagation of the phase

conjugated beam.
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only for nondispersive media (Preobrazhensky and Pernod,

2003). Diffraction effects can significantly deteriorate the

quality of phase conjugation if the phase conjugator’s diam-

eter is too small (Brysev et al., 2004).

IX. CONCLUSIONS

The first attempts to measure B/A were made in the

early 1960s, when the finite amplitude (Beyer, 1960;

Shutilov, 1959) and thermodynamic methods (Beyer, 1960)

were first proposed, almost simultaneously. The parametric

array (Nakagawa et al., 1984) and the pump wave methods

(Ichida et al., 1983) were developed next, making the

method of aqueous solutions (Sarvazyan et al., 1990) and

the phase conjugate method (Preobrazhensky and Pernod,

2003; Preobrazhensky et al., 2009) the last ones to emerge.

Several papers were published, comparing the performance

of some of these methods (Arnold et al., 1987; Law et al.,
1983, 1985; Nakagawa et al., 1986; Zhang et al., 2001a).

Table VIII summarizes the main principle of B/A measure-

ment of all the techniques, their advantages and disadvan-

tages, the reported range of uncertainties, and whether or

not experimental B/A images were acquired with the techni-

ques. The latter possibility is particularly interesting from a

clinical perspective since visualizing heterogeneous B/A dis-

tributions gives us the opportunity to localize suspicious tis-

sue regions. It is worth mentioning that the data about

measurement accuracy in Table VIII is rather unbalanced

since some methods were much more utilized and evaluated

than others.

The main disadvantage of the thermodynamic method

is in that it cannot be used for B/A imaging and requires an

advanced and complicated setup. At the same time, it is an

accurate technique, which can be considered “the golden

standard,” establishing a reference to evaluate all the other

methods. The method of aqueous solutions is the only tech-

nique that is more accurate (Sarvazyan et al., 1990), but it

requires a specific minuscule chamber and involves more

complicated calculations and more extensive knowledge

about the sample parameters. The work of Sarvazyan, in

line with others (Sehgal et al., 1986b), indicated that B/A
reflects the strength of solute-solvent interactions, and grants

information about molecule hydration. Moreover,

Sarvazyan et al. (1990) observed that the replacement of an

atomic group causes large changes in B/A concentration

increment. These observations, together with a small sample

volume, make this method a powerful option for molecular

studies of biological samples. The absence of such tests may

be explained by adequate alternatives currently applied in

medicine, accurately detecting the chemical content of

human fluids (Chen et al., 2008; Delanghe, 2007; Saatkamp

et al., 2016). Most of these methods have difficulty distin-

guishing isomers (Chen et al., 2008), while B/A is an excel-

lent candidate for this task. Its utility for isomer distinction

has already been demonstrated in Zhe et al. (2014) and may

be of use when detecting early onset diabetes (Chen et al.,
2008) and porphyria type (K€uhnel et al., 1999).

In a situation when the pump wave and the probe wave

propagate in the same direction, the parametric array

method and pump wave method essentially merge (Cain

et al., 1986). In this review, we allot the technique to the

parametric array method if B/A is inferred from the second-

ary wave pressure amplitude, and to the pump wave method

when it is inferred through phase modulation of the probe

wave. However, in the literature, this allocation may be dif-

ferent (e.g., SURF is regarded in Varray, 2011) as a para-

metric array method). Moreover, as FAM, the parametric

array, and the pump wave methods all measure cumulative

nonlinear effects of US propagation, in some papers (Kato

and Watanabe, 1993; Varray et al., 2011a) all three are asso-

ciated with one group, referred to as FAM. In order to avoid

confusion, here we refer to these three groups of methods as

the extended finite amplitude methods (EFAM) for conve-

nience. Even though the phase conjugate beam method is

also based on harmonic accumulation, it is to be treated

separately.

The phase conjugate beam method is the most recent

method, counting only a few works. Its great advantage

resides in the automatic compensation for phase deviation

caused by an inhomogeneous medium or irregular surface,

characteristic of tissue. At the same time, it seems that phase

conjugation is challenging for dissipative media like tissue,

currently limiting this method to studies of liquid samples.

Only qualitative characterization of the samples’ nonlinear-

ity in conditions when the sample of interest has similar lin-

ear acoustic parameters as the reference medium, has been

demonstrated at this point (Krutyansky et al., 2007;

Preobrazhensky et al., 2009).

For all EFAMS, with few exceptions, attenuation mea-

surement at the transmitted and received frequencies is

strongly linked with B/A measurement of a lossy medium.

Another factor affecting wave propagation, and therefore

relevant for all EFAMS, is diffraction. In transmit mode, the

influence of diffraction can be mitigated by comparing the

registered signal in the sample to that in a reference medium

with a similar speed of sound, following the principle of the

comparative method and the FAIS. Creative alternatives

eliminating the need for diffraction correction also involve

large source transducers (FAM) (Chavrier et al., 2006;

Hunter et al., 2016; Jackson et al., 2014), or shifting of the

diffraction pattern to the far field by attaching a steel delay

line to the source (Wallace et al., 2007), or measurements in

the extreme near (Law et al., 1981; Dunn et al., 1982) or far

fields (Cortela et al., 2020; Dong et al., 1999; King et al.,
2011). Since homogeneous EFAMS do not insonify the

sample at high pressures, they can be suitable for in vitro
assessment of organs for transplantation in transmission

mode (e.g., liver in Hunter et al., 2016).

Of all EFAMs, FAM is the most extensive group with

the largest number of subgroups and modifications. This is

attributed to the method’s simplicity: it utilizes predomi-

nantly simple formulas within the framework of plane wave

theory, and a simple setup with a source transmitting mono-

chromatic signals. No composite waveforms (parametric
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TABLE VIII. Summary of the main B/A measurement techniques. The graph Uncert., % states the range of errors identified in these groups of method.

Looking at Tables III, IV, V, VI, VII one can identify the works, where these uncertainties were taken from. In some cases, if the accuracy was not stated,

errors were derived based on either the reference values provided in the corresponding papers, or B/A measured with the thermodymanic technique. In many

cases, no information about the errors was available since the actual B/A was not known (e.g., self-made phantom, B/A images of a hamster, fish, etc).

Method Main principle Advantages Disadvantages Uncert., % Images

Traditional thermody-

namic. Sec. III A

B/A is composed of 2 terms - Accurate, attenua-

tion does not pose a

big problem

- Requires knowledge

of the isobaric volume

coefficient of thermal

expansion q and the

specific heat at con-

stant pressure Cp

3 (liq), 5 (tis) —

Proportional to the speed of

sound

- Relatively insensi-

tive to attenuation and

diffraction effects

- Complicated setup

Changes Dc induced by an

isobaric

Temperature change and

isothermal

Pressure change [Eq. (12)]

Isentropic thermody-

namic. Sec. III B

B/A is proportional to the

speed of sound changes Dc

when pressure is varied adia-

batically [Eq. (4)]

- Accurate, attenua-

tion does not pose a

big problem

- requires a compli-

cated setup

0.85–4 (liq), 7 (tis) —

- Relatively insensi-

tive to attenuation and

diffraction effects

Aqueous solutions.

Sec. IV

Differential method, measur-

ing the influence of small

concentrations on B/A [Eq.

(23)]

- Relatively insensi-

tive to attenuation

effects

- Very specific, com-

plicated setup

0.3 (liq) —

- Small sample

quantities

- The most accurate

method

Finite amplitude.

Wave shape. Sec. V C

Determines B/A from the US

wave shape

- More accurate com-

pared to other FAM

variations

- Light diffraction

method: a compli-

cated set up

7–8 (liq), 10 (tis) —

(A laser and an opti-

cal receiving system);

- US equipment:

transducer calibration

and a

broadband receiver

required

Finite amplitude.

Second harmonic

measurements. Sec.

V B

In most cases B/A is deter-

mined from formulas

- Relatively low

accuracy

- In some cases,

requires transducer

calibration to estimate

P1ð0Þ

2–20 (liq), Tomography (e.g.,

Fig. 9)

Based on the Fubini solution,

modified to

- Affected by

diffraction

- Diffraction and

attenuation

corrections

3–10 (tis) C-scans, echo-

mode imaging

(e.g., Figs. 10, 11)

Incorporate losses and

diffraction effects

[Eqs. (26) – (30)]

Finite amplitude.

Fundamental nonlin-

ear absorption. Sec.

V C

Determines B/A by measuring

the fundamental

- Calibration is

needed only at the

fundamental

frequency

- Transducer calibra-

tion required

10 (liq), 6 (ph) Echo-mode

imaging

saturation as source pressure

is increased [Eqs. (42), (44)]

- Does not require a

wide transducer

bandwidth

Parametric array.

Sec. VI

Measures the amplitude of the

difference frequency wave that

is proportional to B/A

- Produces narrow,

collimated beams

- The difference fre-

quency beams have a

low SNR

2–5 (liq), 10 (tis) Tomography (e.g.,

Fig. 13)
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array) or additional pump wave transducers, or composite

transducers (pump wave) are needed to induce the nonlinear

effects. All EFAMs enable B/A tomographic imaging (Table

VIII). The first images were acquired with the pump wave

method (Ichida et al., 1983), reconstructing the B/A profile

line-by-line. Later, FAM and the parametric method were

also used to obtain B/A images in transmit, based on multiple

angle reconstruction tomography (Radon transform). Pump

wave tomography, compared to the parametric array and

FAM tomography, allows for independent B/A reconstruction

along a single propagation line without the contribution of

other directions. This approach can result in real-time tomog-

raphy (Ichida et al., 1984) compared to reconstruction

tomography. At the same time, reconstruction tomography

allows improving the image resolution and quality due to

numerous projections involved in the reconstruction process

(Caponnetto and Bertero, 1997). Parametric array tomogra-

phy allows for better resolution compared to FAM tomogra-

phy (see Figs. 13 and 9) since the generated beams at the sum

and difference frequencies are narrower compared to the sec-

ond harmonic beam (Gong et al., 2004; Wang et al., 2003;

Zhang et al., 2001a). As for pump wave tomography, the

image resolution is defined by the frequency of the pump

wave and the size of the probe beam (Sato et al., 1985). This

way, we expect the resolution of pump wave tomography to

be lower than for the parametric array and FAM methods

since the probe beam is formed by the transmitted

fundamental component with a wider beam. Discrimination

between healthy (B/A¼ 6.9) and diseased liver (B/A¼ 8.3)

has been achieved with parametric array and FAM tomogra-

phy (Gong et al., 2004), with even better image contrast for

healthy liver and fat (Figs. 13 and 9). Unfortunately, all the

pump wave tomographic works that we were able to identify

showed rather poor quality images dating from 1983 to 1985

(Ichida et al., 1983; Sato et al., 1985). Therefore, it was diffi-

cult to compare pump wave tomography to the other types of

tomography in this respect. Exceptionally, Bereza et al.
(2008) and Burov et al. (2006) are the only works (the para-

metric array method), where B/A values were mapped to their

specific locations by signal encoding.

Being a valuable asset, tomography still limits the exam

to specific organs, such as the breast, and is rather time con-

suming for reconstruction. Paving the way for echo-mode

imaging, several works have been devoted to reflection

mode tomography, detecting the signals from a strong

reflector on the side of the medium opposite from the

source-receiver transducer (e.g., Cain, 1986; Gong et al.,
2004; Wang et al., 2003). However, this resulted in little

improvement with respect to B/A’s clinical applications.

Development to echo-mode imaging faced important

challenges since the scatterer density distribution and echo-

genicity are the dominating factors influencing the strength

of the reflected signal. Therefore, all echo-mode images

were generated by limiting the scatterer effect by

TABLE VIII. (Continued)

Method Main principle Advantages Disadvantages Uncert., % Images

- Influenced less by

diffraction effects

- The length of source

pulses has to be

sufficiently

- No side lobes long to generate sec-

ondary components

Classic pump wave. Registers the phase modula-

tion of

- Even in transmit

mode, allows

independent

B/A reconstruction

along a single propa-

gation line

- Not very sensitive to

SNR since B/A is

inferred

Sec. VII A The probe wave by the pump

wave

from phase modula-

tion rather than pres-

sure units

- In practice, requires

a separate pump

transducer

3 (liq) Tomography

Pump wave, SURF. Registers the frequency shift

or the time

- No diffraction cor-

rection needed

- In practice, requires

a dual

Sec. VII B Delay of the probe wave in

two pulse configurations

- Able to measure

attenuation

simultaneously

frequency transducer 5 (liq), 20 (tis) Echo-mode imag-

ing (e.g., Fig. 20)

Phase conjugate

beams.

Determines B/A from higher

harmonic amplitudes of the

phase conjugated beam

- Compensates for

phase distortion (auto-

matic retrofocusing)

- Reflects qualitative

B/A values

— C-scans

Sec. VIII - The phase conjuga-

tor amplifies the

signal

- Only for nondissipa-

tive/weakly dissipa-

tive media
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normalizing or comparing the signal of interest to a refer-

ence signal, assumed to have a similar scattering pattern.

This strategy also has the benefit of mitigating diffraction

and attenuation effects. Another common assumption in the

echo-mode works is that the nonlinear effect in backwards

propagation is neglected since the amplitude of the reflected

echoes is small compared to the forward propagating beam

pressure (only for tissue, e.g., not solids). B/A echo-mode

imaging was implemented with FAM, 2nd harmonic mea-

surements (Akiyama, 2000; Fujii et al., 2004; Gong et al.,
2004; Liu et al., 2008; Toulemonde et al., 2015; van Sloun

et al., 2015; Varray et al., 2011b), Fundamental nonlinear

absorption (Fatemi and Greenleaf, 1996; Nikoonahad and

Liu, 1989, 1990) and SURF of the pump wave method

(Fukukita et al., 1987, 1996; Kvam et al., 2019b; Ueno

et al., 1990) (Table IX). Among these, Fukukita et al.
(1996) and Nikoonahad and Liu (1989, 1990) were only

able to image B/A of liquid layers detecting signals reflected

from wires (single-point scatterers) and Akiyama (2000),

Fujii et al. (2004), Fukukita et al. (1996), Gong et al.
(2004), and Liu et al. (2008) showed average B/A tissue val-

ues only, or values detected at a fixed-depth region, limiting

these works to a global, single-parameter assessment of

organs (e.g., fatty liver disease Fujii et al., 2004).

The limited number of works presenting the B/A depth

profile of tissue in their images points to the observation that

even the normalized signals, corrected for scatterer effects,

show to be nevertheless noisy (e.g., in Fujii et al., 2004;

Toulemonde et al., 2014). Tissue, being a structure full of

point scatterers located close together, favors interference of

scattered signals and multiple scattering (Aubry and Derode,

2011), adding to the effects of grating lobes, reverberation

noise (Kremkau and Taylor, 1986), and electronic noise.

Many presented approaches (Akiyama, 2000; Fujii et al.,
2004; Gong et al., 2004; Liu et al., 2008; van Sloun et al.,
2015; Varray et al., 2011b) for assessment of the B/A depth

profile involve differentiation of the normalized signal with

respect to time or space, amplifying the noise. Differently,

Kvam et al. (2019b) formulated an optimization problem,

based on the expression of the measured time delay s, intro-

ducing penalties on the modelled process. Table IX shows

that the only works able to assess the in-depth profile of B/A
(or of a proportional parameter) of tissue or tissue-

mimicking phantoms in echo-mode are Fatemi and

Greenleaf (1996), Kvam et al. (2019b), Toulemonde et al.
(2015), van Sloun et al. (2015), and Varray et al. (2011b).

These demonstrate that current echo-mode imaging permits

the delineation of tissue-mimicking phantom regions with

different oil content/contrast agent content (Kvam et al.,
2019b; Toulemonde et al., 2015; van Sloun et al., 2015;

Varray et al., 2011b). Fatemi and Greenleaf (1996) were the

only ones who performed B/A echo-mode imaging of het-

erogeneous tissues, where shadowing reflected the parame-

ter of the nonlinearity of the preceding regions. Echo-mode

in-depth temperature profiles in tissue, inferred from B/A,

have been demonstrated only in Ueno et al. (1990).

Interestingly, some debate regarding the utility of B/A
for temperature monitoring still exists, with certain studies

showing a small B/A increment when tissue is coagulated

(Jackson et al., 2014; Saito and Kim, 2011), and others stat-

ing the contrary (Choi et al., 2011; Lu et al., 2004).

Moreover, from another perspective, Gong et al. (2004) and

TABLE IX. Summary of the echo-mode methods implemented experimentally.

Method Reference signal Studied media Probe

FAM. 2nd Harmonic

measurements

- Fundamental at two harmonic frequency

2f0 (Akiyama, 2000; Fujii et al., 2004; Gong

et al., 2004; Liu et al., 2008)

- Homogeneous liquids and homogeneous

bovine liver (Akiyama, 2000),

- Sector array transducer (Fujii et al.,

2004)

- Homogeneous in vivo human liver (Fujii

et al., 2004)

- Compound piezoelectric transducer

(Gong et al., 2004; Liu et al.,

2008)

- Homogeneous tissue (Gong et al., 2004;

Liu et al., 2008)a

- Two transducers (Akiyama, 2000)

- Fundamental at f0 (van Sloun et al., 2015) - Tissue-mimicking phantom with two

layers

- Esaote LA332 commercial probe

- 2nd harmonic in a reference medium

(Varray et al., 2011b)

- Two tissue-mimicking phantoms: with an

inclusion and with a contrast-agent filled

cavity

- Clinical probe

- Fundamental at f0 and 2nd harmonic in a

reference medium (Toulemonde et al., 2014,

2015)

- Tissue-mimicking phantom with three

layers

- Commercial probe

FAM. Fundamental

nonlinear absorption

- Low amplitude signal at the same

frequency

- Liquid layers (Nikoonahad and Liu, 1989) - Commercial Acuson linear array

probe- Liquid layers and in vitro heterogeneous

tissue (Fatemi and Greenleaf, 1996)

Pumping waves.

SURF

- The probe pulse superimposed at another

phase of the pump wave

- Liquid layers (Fukukita et al., 1996) - Dual frequency probe of 2 circular

transducers (Fukukita et al., 1996)

- Agar phantom with inclusion (Kvam et al.,
2019b)

- Dual-frequency linear array (Kvam

et al., 2019b)

aThe word “homogeneous” in this table refers to the assumption of homogeneity in depth. These studies presented B/A images that were acquired by

mechanical movement of the probe.

J. Acoust. Soc. Am. 149 (4), April 2021 Panfilova et al. 2231

https://doi.org/10.1121/10.0003627

https://doi.org/10.1121/10.0003627


Gong et al. (1993) demonstrated that B/A was able to pro-

vide better discrimination of porcine liver tissue compared

to attenuation, velocity c0, and density q0, while Kvam et al.
(2019a) concluded that for many soft tissues most of the

estimated variability in B/A comes from variability in

1=A ¼ q0c0. These controversial results indicate that more

research is required to identify the boundaries of B/A appli-

cability. Moreover, in our view, the utility of the thermody-

namic technique and especially of the method for aqueous

solutions may have been overlooked in biochemistry,

molecular physics, and possible human fluid sample tests.

Even though B/A cannot be used to determine the accurate

and detailed chemical content of a substance, it is sensitive

to structural change. Therefore, it would be particularly use-

ful for the assessment of structural changes of the same sub-

stance (Zhe et al., 2014) and has potential to diagnose

diseases (Chen et al., 2008; K€uhnel et al., 1999) through

identification of the isomer type in human fluids.

This review brings us to the conclusion that more

research is required to reformulate the boundaries of B/A
applicability, possibly dispelling some current hopes for

clinical applications and bringing new opportunities. The

thermodynamic technique and the method for aqueous solu-

tions are the most accurate, the latter being especially useful

for studies of small solute concentrations. Transmission

mode EFAMs allow less accurate B/A estimation, but with a

simpler setup and wider perspective clinical applications.

They can be of use when assessing the condition of trans-

plantation organs (Hunter et al., 2016), or measuring B/A
in vivo as a uniform parameter (Fujii et al., 2004). All

EFAMS enable transmit tomography, limiting the exam to

few clinical applications such as breast imaging.

Development of an ultrasound B/A imaging modality is

greatly hindered due to the fact that in echo-mode, the

strength of the reflected signal is to a greater extent defined

by the scatterer distribution and the variation of linear ultra-

sound parameters (c0, q0) than by B/A. Besides this, accurate

imaging requires correction for diffraction effects, attenua-

tion, various noise artifacts, and interference of signals com-

ing from tissue scatterers. Strategies eliminating these

effects would pave the way to B/A imaging in the clinic.

Moreover, they may open new possibilities for imaging of

the third-order nonlinear parameter C/A (Burov et al., 2015;

Burov et al., 2013; Liu et al., 2007; Xu et al., 2003).
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