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A time-domain finite-difference solution to the equations of linear elasticity was used to model the
propagation of lithotripsy waves in kidney stones. The model was used to determine the loading on
the stone 共principal stresses and strains and maximum shear stresses and strains兲 due to the impact
of lithotripsy shock waves. The simulations show that the peak loading induced in kidney stones is
generated by constructive interference from shear waves launched from the outer edge of the stone
with other waves in the stone. Notably the shear wave induced loads were significantly larger than
the loads generated by the classic Hopkinson or spall effect. For simulations where the diameter of
the focal spot of the lithotripter was smaller than that of the stone the loading decreased by more
than 50%. The constructive interference was also sensitive to shock rise time and it was found that
the peak tensile stress reduced by 30% as rise time increased from 25 to 150 ns. These results
demonstrate that shear waves likely play a critical role in stone comminution and that lithotripters
with large focal widths and short rise times should be effective at generating high stresses inside
kidney stones. © 2005 Acoustical Society of America. 关DOI: 10.1121/1.2032187兴
PACS number共s兲: 43.80.Gx, 87.54.Hk, 43.20.Gp 关FD兴

I. INTRODUCTION

Lithotripsy is the clinical procedure whereby extracorporeally generated shock waves are focused onto kidney
stones to fragment them into small enough pieces that they
can be passed naturally. Lithotripsy was first introduced in
1980 共Ref. 1兲 and in the United States about 70% of kidney
stones are treated with shock waves.2 Despite the wide acceptance of shock wave lithotripsy the mechanisms by which
the shock waves comminute stones are not agreed upon. In
addition it is now recognized that lithotripsy is not a benign
procedure but results in tissue damage to most if not all
kidneys which can lead to both acute and chronic
complications.3–6 Until the mechanisms of kidney stone fragmentation and kidney tissue damage are identified, improvements to lithotripsy are principally found empirically.
Identification of the mechanisms of kidney stone fragmentation requires that one first determine the state of loading on the stone and after which a fracture mechanics model
needs to be applied to determine the material failure. A few
models to determine the loading within kidney stones have
been published. Dahake and Gracewski7,8 used a finitedifference time-domain 共FDTD兲 simulation for elastic waves
but their study was motivated by intracorporeal shock wave
lithotripsy and they treated the case of point sources on the
surface of spherical stones. Xi and Zhong9 have used ray
tracing of compression and shear waves to determine locations of interactions but the ray tracing model cannot predict
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stress amplitudes and does not account for diffractive effects.
Cleveland and Tello10 described a FDTD model for calculating pressure waves in kidney stones subject to lithotripsy
shock waves but the model treated the stone as a fluid and
neglected the presence of shear waves. Mihradi et al.11 employed a finite-element model 共FEM兲 to predict the stress
loadings on kidney stones in lithotripsy. The incident waveform was modeled as a half-sinusoid of purely positive pressure and simulations were carried out for pulses of different
durations 共0.5 to 5 s兲 in a two-dimensional Cartesian coordinate system. It was concluded that fracture occurs due to
spall, that is, reflection of the positive pressure from the distal surface of the stone.
Once the state of loading is determined the criteria for
failure has to be identified. Most measurements on stone
strength have reported either compressive strength or fracture toughness in experiments that were carried out at low
strain rates.12–14 This data shows enormous variation and because the strain rate in lithotripsy is 105 s−1 it is not clear
whether measurements at low strain rates provide data relevant to lithotripsy.15 Also, it is likely that the fracture is a
fatigue process and requires further data, such as dynamic
fracture toughness.16
This paper aims to address the issue of determining the
stresses and strains in kidney stones during lithotripsy. We
employ a finite-difference scheme, which is widely used in
the geophysics community, to model the propagation of
shock waves in kidney stones. This allows us to compute the
stress and strain inside stones accounting for pressure waves
in the surrounding fluid and elastic waves in the solid includ-
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ing all surface interactions. Using the simulations we are
able to quantify a key role of shear waves that has only been
alluded to in previous work.
II. MODEL

In this work kidney stones were assumed to behave as a
linear, isotropic, elastic medium 共the validity of this assumption is addressed in the discussion兲, in which case the underlying equations are Newton’s second law and Hooke’s law:
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The equations are written in index notation where vi represent the velocity at each location, ij the stress tensor, ␦ij the
Kronecker delta function, a repeated index implies summation, 0 is the material density, and  and  are the Lame
coefficients of the material.
We further assumed that the problem was axisymmetric
and cast the equations in cylindrical coordinates 共r ,  , z兲. The
z axis was the axis of propagation of the shock wave and the
stones were modeled as volumes of rotation around the z axis
共in this paper either spheres or cylinders兲. For cylindrical
coordinates v = 0 and all derivatives with respect to  vanish
共see, for example, Ref. 17, pp. 26–27; Ref. 18, p. 77; or Ref.
19, Chap. 12兲 in which case Eq. 共1兲 becomes
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where the dilatation rate is
·v=
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Equations 共3兲–共5兲 were solved using a finite-difference grid
that was staggered in both time and space, referred to as the
Vireux scheme in geophysics20–22 or the Yee cell in electromagnetics 共Ref. 23 and Ref. 24, pp. 107–144兲. In this formulation it is assumed that the velocities are known at time t
− ⌬t / 2 and the stresses known at time t. To march forward
one step first the velocities are advanced from t − ⌬t / 2 to t
+ ⌬t / 2 using Eqs. 共3兲 and in the second the stresses are advanced from t to t + ⌬t using Eqs. 共4兲 and 共5兲. Due to the
nature of the staggered grids the vr / r term is never evaluated
at r = 0 and therefore does not need special attention within
the algorithm. The material properties were allowed to vary
2668
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with the angle of 1 with respect to the r axis given by
tan 2 p1 = 2rz/共rr − zz兲.

共7兲

Due to the absence of the other two shear stresses the third
principle stress is 3 = . We define the maximum tensile
stress as T = max共1 , 3兲 and the peak compressive stress
C = −min共2 , 3兲 共large compression is associated with a
large negative number兲. The maximum shear stress is
given by

max = 共max共i兲 − min共i兲兲/2.

and the nonzero stresses in Eq. 共2兲 are given by

vr
rr
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r
t

arbitrarily in space and were assumed to be defined at the
same spatial location as the normal stresses. Linear interpolation was used to determine material properties at staggered
grid points.
The edges of the numerical grid produce reflections that
can be avoided by either solving on a large enough domain
that the reflections are delayed enough in time that they can
be gated out of the analysis or by use of boundary layers that
absorb incident waves in particular the perfectly matched
layer 共PML兲.25,26 In these 2D simulations 共where computer
memory limitations are not a significant issue兲 the grid was
chosen to be very large 共at least 8 mm away from any interface兲 to ensure that reflections did not enter the domain of
interest 共the stone兲 during the time of interest. For these
simulations the boundary condition applied along each
boundary was that the shear stress and normal component of
the velocity were zero which ensured that along the r = 0 axis
the axis-symmetric assumption in cylindrical coordinates
was satisfied.
From a material failure point of view, the principal
stresses and strains and maximum shear stress and strain are
important indicators of fracture. Two of the principal stresses
lie in the r-z plane and are given by

共8兲

The principal strains ui are related to the corresponding principal stresses i by ui = 共1 / 2兲i + A, where A = p / 共2
+ 42 / 3兲 is a scalar value proportional to the effective pressure in the stone p = −共zz + rr + 兲 / 3.27 This means that the
maximum and minimum strains are oriented in the same directions as the corresponding maximum and minimum
stresses. Note that maximum strain associated with shear
waves does not depend on p, that is, it is proportional to
maximum shear stress.
To aid interpretation of the results we will employ the
fact that the divergence of the particle velocity 关Eq. 共5兲兴 can
be used to identify the disturbances that travel at the longitudinal sound speed. Similarly the curl of the particle velocity  Ã v can be used to identify disturbances that travel at
the shear 共transverse兲 wave speed. In our case only the 
component  is nonzero:
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Tracking the divergence and curl allows the propagation of
different types of waves within kidney stones to be followed.
For one set of simulations we were interested in solving
the elastic equations in Cartesian coordinates. We used Eqs.
R. O. Cleveland and O. A. Sapozhnikov: Elastic waves in kidney stones

TABLE I. Physical properties of media used in the simulations. The properties , , and  were the three independent properties that were input to
the code.

 共kg/ m3兲

cL 共m/s兲

cS 共m/s兲

 共GPa兲

 共GPa兲

1000
1150
1700
1700

1500
2493
3000
3000

¯
1108
1500
¯

2.25
4.32
7.65
15.30

0
1.41
3.83
0

Water
PSM-9
Solid E30
Fluid F30

v

0.500
0.377
0.333
0.500

共3兲–共5兲 with the substitution 共r ,  , z兲 → 共x , y , z兲 and all terms
with 1 / r drop from the equations. We assumed a state of
plane strain in which case the stress in the out-of-plane axis
共y兲 is given by yy = −xx + zz / v where v =  / 关2共 + 兲兴 is
Poisson’s ratio. All the other field variables can be calculated
using the same formulas given above.

material is under positive pressure. The shear stress in the
fluid was zero. 共2兲 The source was modeled as an initial
condition with the pressure distributed in space, obtained
by replacing t in Eq. 共11兲 by −z / c0, and the particle velocity was determined based on the plane wave relationship v = p / 共c0兲. The results were insensitive to the manner
in which the source was included.
Most of the simulations considered the incident pulse as
a homogeneous plane wave 共that is, the amplitude of the
pulse did not vary with r兲. In addition a finite-sized focal
zone was modeled by applying a Gaussian shading as a function of radial distance to the amplitude of the pulse:
ps共r,z,t兲 = exp共− 共r/rG兲2兲ps共0,z,t兲,

共12兲

where the effective diameter 共half pressure兲 of the focal spot
is 1.66rG. No phase correction was applied as in the focal
region of a lithotripter the wavefronts are close to planar.

A. Material properties

The model requires three material properties for each
medium—the density and the two Lame coefficients. The
most common measurements made on natural and artificial
kidney stones are the density, longitudinal sound speed, and
shear wave speed which are related to the Lame coefficients
through
cL =

冑
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0
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冑


.
0

共10兲

In Table I we show the material properties used in the simulations here.
In the simulations presented here we considered stones
surrounded by water, which is a reasonable approximation of
both in vitro and in vivo environments in which stones are
destroyed. The material properties over the entire grid were
therefore first initialized to that of water. In this work we
considered stones of either cylindrical or spherical shape
with homogeneous internal structure. Once the location and
geometry of the stone were specified the indices on the grid
that fell within the stone volume were identified and then ,
, and  for those indices set to the properties of the stone.
B. Source condition

The source condition was taken to be a classic lithotripsy pulse28 modified with a hyperbolic tangent function to
provide a smooth shock front:
ps共t兲 = 0.5共1 + tanh共t/tRT兲兲 exp 共− t/tL兲 cos 共2 f Lt + /3兲,
共11兲
where tL = 1.1 s and f L = 83.3 kHz control the pulse shape
and tRT controls the rise time which was varied from
50 to 200 ns. The source was input in one of two ways. 共1兲
The source was modeled as a boundary condition in a
plane placed in the fluid at a distance of 5 mm from the
stone. The source pressure was coupled into the simulations by setting the normal stresses in the source plane to
rr = zz =  = −pS, where the negative sign accounts for the
fact that in solid mechanics a compressed material has
negative stress where as in fluid mechanics a compressed
J. Acoust. Soc. Am., Vol. 118, No. 4, October 2005

III. RESULTS

In what follows the code is first used to identify the role
that shear waves play in determining the peak stresses and
strains in a finite length cylindrical stone and a spherical
stone. The code is then compared against published experimental data. Finally, the code is used to determine how the
peak stress inside a stone is affected by 共1兲 the size of the
shock wave focal spot, 共2兲 the size of the stone, and 共3兲 the
shock wave rise time.
A cylindrical stone was chosen to match artificial stones
reported in the literature29 共diameter 6.5 mm, length 7.5 mm,
and material properties identified by E30 in Table I兲. Figure 1
includes snapshots of the divergence and the curl, which
show disturbances propagating at the longitudinal wave and
shear wave speed, respectively. Also shown are the maximum tensile stress and the maximum shear stresses. The top
row 共2.8 s兲 corresponds to when the leading compressive
phase of the incident wave has almost reached the distal
surface of the stone. It is seen that there are almost no longitudinal perturbations after the shock wave passage 共see divergence images兲. However, at the edges of the stone a shear
wave is produced 共see curl images兲 and in addition an inverted diffracted compression wave is produced—analogous
to the edge wave from finite amplitude aperture. Because of
the higher sound speed in the stone the compression wave
inside the stone runs ahead of the wave in the fluid and so to
ensure the boundary conditions with the fluid a shear wave is
generated in the stone at the boundary. Because the speed of
the longitudinal wave is higher than that of the shear wave
the effective source of shear waves at the stone boundary is
“supersonic” and results in a conical wavefront 共similar to a
sonic boom兲. The longitudinal wave in the stone also
launches an acoustic wave in the fluid which also has a conical wavefront. The incident wave propagating in the fluid
outside of the stone induces a stress in the stone that also
produces a shear wave in the solid but because the speed in
the fluid is the same as the shear wave speed the wavefront is
curved. Finally the passage of the pressure wave in the fluid
over the outer surface of the stone generates a surface wave
in the stone at the stone-water interface—this is a coupling
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FIG. 1. 共Color兲 Snapshots of the divergence, curl, max tensile stress, and maximum shear stress inside a cylindrical stone at 2.6, 3.2, 3.6, 3.8, and 4.8 s after
the SW is incident on the stone. The shock wave is incident from beneath the stone.

of shear and longitudinal waves and can be seen in both the
divergence and curl images. This wave is restricted to a small
region 共⬍0.5 mm兲 near the interface.
When the wavefronts reflect at the distal surface
共3.2 s兲 a rich interaction between compressional and shear
waves occurs. The compression wavefront is not planar
when it is incident on the distal surface, as the presence of
the fluid has “slowed down” and attenuated the outer por2670
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tions of the wavefront. Therefore it reflects primarily as a
compression wave but also partially as a shear wave. The
next wave incident on the rear surface is the conical shear
wave which is close to a plane wavefront and so when it
interacts with the distal surface it does reflect as shear wave.
However, the second shear wavefront does have curvature
and so although it reflects primarily as a shear wave it also
mode converts into a compression wave. The surface wave
R. O. Cleveland and O. A. Sapozhnikov: Elastic waves in kidney stones

FIG. 2. 共Color兲 Snap shots of the divergence, curl, max tensile stress, and maximum shear stress inside a spherical stone at 2.8, 3.8, 5.2, and 6.2 s.

reflects too; it generates a diffracted shear wave at the corner
and also launches a shear wave along the distal surface.
We now consider what happens to the maximum principal stresses 共tensile stress兲 and maximum shear stress in the
material. The numerical results indicate that the maximum
tensile stress does not occur due to the interaction of the
reflected compressive wave with the incoming tensile phase
共3.2 s兲. Rather the peak tensile stress occurs due to an interaction of the reflected longitudinal wave with a shear
wave generated from the outer surface of the stone 共3.8 s兲.
This shear wave is generated due to the interaction of the
shock wave in the water passing the outside of the stone.
This interaction also results in the highest shear stress. We
also find that a large tensile stress is developed in a region
localized near the lateral surfaces of the stone 共3.6 s兲 due to
an interaction of a shear wave reflected from the rear surface
of the stone and the wave traveling in the fluid outside the
stone.
Figure 2 shows analogous snapshots for a spherical
stone made of the same material. At 2.8 s the longitudinal
wave has passed the stone with a part of it having reflected
off the distal surface and focused about 1.5 mm from the rear
surface. At 3.8 s the shear wave generated by the internal
compression wave traveling inside the stone 共where it interJ. Acoust. Soc. Am., Vol. 118, No. 4, October 2005

acts with the surface兲 focuses to a point about 2 mm from the
distal surface. At 5.2 s the shear wave generated by the
wave traveling outside the stone arrives at the distal end and
results in the largest tensile stress. At 6.2 s the surface
waves reach the distal point 共aphelion兲 of the stone and generates both a large tensile stress and shear stress at the distal
surface.
Figure 3 shows snapshots of the peak tensile strain in the
cylindrical and spherical stones at the time 3.8 s—this time
was when the highest strain occurred in the simulations. By
comparing these images to the snapshots in Figs. 1 and 2 at
the same time it can be seen that the spatial distribution of
the peak tensile strain is almost identical to that of the peak
tensile stress. That is, the same phenomenon that produces
the highest tensile stress also resulted in the highest tensile
strain in the stone. We found that evolution and distribution
of the peak compressive strain and the peak shear strain were
also equivalent to the peak compressive stress and peak shear
stress, respectively.
Therefore, for both the spherical and cylindrical geometry, it is the arrival of shear waves generated by the passage
of pressure waves in the fluid outside of the stone that results
in the highest stresses and strains in the stone. In what fol-
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FIG. 3. Snapshot of the peak tensile strain 共%兲 at 3.8 s for the cylindrical
stone 共upper兲 and spherical stone 共lower兲. The distribution of the tensile
strain corresponds closely to the equivalent tensile stress shown in Figs. 1
and 2, respectively.

lows data are only presented for the principal stresses but the
results equally well apply to the principal strains.
The results from the simulations were compared to measurements of the stress induced by a lithotripsy shock wave
in a photoelastic material 共PSM-9兲.9 In the photoelastic images the number of fringes is proportional to the difference in
the principal stresses in the material 共which is equivalent to
the maximum shear stress兲. In the water the presence of the
pressure waves leads to a shadowgraph effect. We simulated
the experimental setup solving the stress equations on a twodimensional Cartesian grid assuming plain strain as discussed in Sec. II using the nominal material properties reported in Ref. 9 共reproduced in Table I兲. In Fig. 4 we
compare the images of the measured fringes with the prediction of the peak shear stress from the model described here
共rotated and scaled to match the published photoelastic images兲 and it can be seen that the features depicted in the
photoelastic measurements are captured by the elastic wave
model. For example, at 10 s 共experiment time 186 s兲 the
head wave in the fluid, the high stresses near the equator of
the stone, and the circular distribution of stress near the distal
wall of the stone are in good agreement. The simulations do
appear to properly capture the stress field of this experiment.
2672
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The observation that the interaction of the shock wave
with the outer surface of the stone leads to high tensile stress
implies that for lithotripters with small focal zones 共less than
the diameter of a stone兲 there will not be strong generation of
shear waves and so the constructive interference of large
stresses may not occur. We considered the effect of the diameter of the focal zone by introducing Gaussian shading to
the incident shock profile and keeping the pressure amplitude
on axis 共r = 0兲 the same. In Fig. 5 we show the dependence of
the peak principal stresses as a function of the diameter of
the focal zone of the shock wave. The peak stress was determined by detecting the maximum stress for each point in the
grid over the course of the simulation and then taking the
largest of the maximum stresses within the volume of the
stone.
All of the peak stresses decreased dramatically as the
focal zone diameter decreased. For the spherical stone, as the
focal diameter decreased from 11 to 4 mm all of the peak
stresses were reduced by at least 50%. For the cylindrical
stone the peak stresses had halved once the focal diameter
was 5 mm. The result was consistent for stones of properties
covering the range reported for natural stones: cL between
2500 and 4000 m / s and v between 0.33 and 0.37 共data not
shown兲.
We found that the generation of high stresses in the
stone was not strongly dependent on the stone size. Figure 6
shows the peak stresses as a function of the diameter of a
spherical stone for the case of an incident plane wave. There
was little change in the peak stress as a function of diameter.
We note that this is in disagreement with the results of the
pressure simulations 共where the stone modeled as an effective liquid兲 which predicted that the peak negative pressure
共equivalent to tensile stress兲 in the stone should decrease
dramatically for stones less than 4 mm in diameter.30 The
explanation for this discrepancy is that the pressure code
does not capture shear waves in the stone, which play a
dominant role in determining the peak stress. In Fig. 7 the
spatial distribution of the peak tensile stress is shown for
spherical stone treated as either a fluid or an elastic solid.
There are both quantitative and qualitative differences in the
spatial distribution and the amplitude of the stress in the
stone. This is further evidence of the importance of shear
waves in determining the state of stress in the stone.
We finally considered the effect of shock rise time on the
stresses induced in the stone. The rise time was controlled
using the tanh共t / tRT兲 term in Eq. 共11兲 and the waveform was
scaled to ensure the same peak pressure. The calculated peak
stresses in the cylindrical stone are shown in Fig. 8. We see
that as shock rise time increased all of the peak stresses
共tensile, compressive, and shear兲 in the stone decreased. This
occurs due to two effects: 共1兲 The leading compressional
wave in the stone suffers more from diffraction due to the
longer rise time and so the peak pressure of the tensile wave
reflected off the back of the stone 共“spall wave”兲 is about
31 MPa for a 50-ns rise time but only 12.9 MPa for a
200-ns rise time. 共2兲 The spatial extent of the shear waves
generated by the passage of the wave outside the stone is
R. O. Cleveland and O. A. Sapozhnikov: Elastic waves in kidney stones

FIG. 4. Comparison of the photoelastic images from PSM-9 共Fig. 9 from Ref. 9兲 with predictions of the maximum shear stress in the stone and the pressure
in the surrounding fluid. Experimental data are shown in the middle two rows. The top row shows snapshots from the simulation corresponding to the upper
row of experimental data. The bottom row shows snapshots from the simulation corresponding to the lower row of experimental data.

related to the spatial extent of the shock front. For a shock
front with a 50-ns rise time the resulting shear wave had a
length of 0.36 mm and for a 200-ns rise time the length was
0.66 mm. These lengths were determined from measurements of the shear stress predicted by the FDTD simulations.
In the latter case the shear wave was so extended in space
J. Acoust. Soc. Am., Vol. 118, No. 4, October 2005

that near the surface it was difficult to isolate it from the
surface wave. The shorter length shear wave 共associated with
short rise time兲 is focused more efficiently along the axis of
the stone and so results in stronger focusing and higher
stresses than the longer length shear wave 共associated with
longer rise time兲. Therefore a shorter rise time shock wave
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FIG. 5. Peak stresses 共tensile, compression, and shear兲 as a function of
diameter of the focal zone. Top: spherical stone 6.5 mm in diameter. Bottom: cylindrical stone 6.5 mm in diameter and 7.5 mm long.

yields larger stresses because the shear waves generated at
the lateral side of the stone focus more strongly and the
“spall wave” is higher in amplitude.
IV. DISCUSSION AND CONCLUSIONS

We used a finite-difference time-domain solution of the
linear elasticity equations to determine the evolution of the
state of stress and strain inside kidney stones subject to a
lithotripter shock wave. The model accounted for all wave
interactions at fluid-elastic boundaries and the interaction of
the various types of waves that the solid structure can support. From the model it was possible to determine the peak
stresses and strains 共compressive, tensile, and shear兲 in the
stone, which are often important indicators of material failure.
The key conclusion from the simulations is that the peak
stresses and strains in a kidney stone are critically dependent
on the presence of shear waves. In particular for the studies
here we found that the passage of the shock wave in the fluid

FIG. 6. Peak stresses 共tension, compression, and shear兲 inside a spherical
stone as a function of stone diameter. The peak stresses are relatively insensitive to stone diameter.
2674
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surrounding the stone generated shear waves or surface
waves at the “equatorial” surface of the stone which propagated into the stone and interfered constructively with other
waves to generate the peak stresses. This conflicts with the
conclusions of Mihradi et al.11 that the classical spall or Hopkinson effect is responsible for the peak tensile stresses in the
stone. The probable explanation for this is that the waveform
they used did not have a short shock front and as we show in
Fig. 8 the peak tensile stress is reduced dramatically as the
rise time increases.
Therefore, to obtain efficient generation of high stress
inside a kidney stone it is desirable to have a high-amplitude
pressure wave passing on the outside of the stone. This conclusion is identical to that of squeezing that has been postulated by Eisenmenger,31 however the rationale for our conclusion is different. In squeezing it is postulated that the
pressure wave in the surrounding fluid acts as a compressive
hoop stress which, based on a static model for stress, generates splitting of the material. In our model the shock wave in
the fluid launches shear waves and surface waves which constructively interfere to generate high stresses. The role of
shear waves generated at the outer surface of the stone has
also been identified using ray tracing,9 but, although ray tracing can identify possible wave-wave interactions, it cannot
predict the amplitude of the stresses induced by the waves. In
this work we were able to show quantitatively that the role of
the shear wave generated by the external shock wave is dramatic. In particular, as the diameter of the focal spot of the
shock wave reduced from 11 to 4 mm, the peak stresses reduced by at least a factor of 2. This result was robust to
stones of different size and material properties. We note that
the stone geometries simulated here had cylindrical symmetry which should maximize the constructive interference on
axis. This effect may be less pronounced for natural stones
with more complex geometries but we still anticipate that
shear wave effects will play an important role.
In addition, we found that peak stresses increased as the
rise time of the shock wave decreased. As rise time increased
from 50 to 200 ns the peak stresses decreased by approximately 30%. This was attributed to two processes: 共1兲 the
spatial extent of the shear wave increased and so the shear
wave could not focus as efficiently on axis and 共2兲 the compressive wave in the stone was affected by diffraction and
the amplitude of the tensile wave reflected from the distal
surface was less. We speculate that this finding may explain
clinical reports that stones trapped in the ureter are difficult
to break.32 When the shock wave passes through the tissue
the absorption of the tissue will lengthen the shock rise time
to around 100 ns.33 For stones in the collecting system of the
kidney there is a volume of urine surrounding the stone and
as the shock wave propagates through the urine it can “heal,”
recover a very short rise time, due to nonlinear distortion.
The “healing” distance can be calculated as the shock formation distance34 and for a lithotripter shock wave in water is
less than 5 mm. Therefore, even a small amount of fluid
around the stone will allow the shock rise time to recover.
For stones in the ureter there is little or no urine surrounding
the stone and therefore the shockwave cannot heal and will
impact the stone with a relatively long rise time. We acR. O. Cleveland and O. A. Sapozhnikov: Elastic waves in kidney stones

FIG. 7. Comparison of the spatial distribution of the peak tensile stress in
spherical stone. Left stone modeled as
a fluid with sound speed 3000 m / s
共F30 from Table I兲. Right: stone modeled as an elastic solid with longitudinal wave speed 3000 m / s 共E30 from
Table I兲.

knowledge that the difficulty in breaking stones in the ureter
can also be explained by invoking cavitation.
We note that there are limitations of the model employed
here including the use of cylindrical symmetry, homogenous
stones, and linear elasticity. The use of cylindrical symmetry
can be relaxed at the cost of higher computational burden
and the use of an absorbing boundary condition, such as the
Beringer PML, will likely be required. Extension to inhomogeneous stones is relatively straightforward as it simply requires altering the material properties of the stone but this
was beyond the scope of this study. The linear approximation
is justified within the stone as the propagation distances are
quite short. Nonlinear distortion is cumulative and is important over the range of propagation through the tissue to the
stones 共greater than 100 mm兲 but less important in the stone
共propagation distances less than 10 mm兲. Further, incorporation of nonlinear elasticity is confounded by a paucity of data
for the higher order elastic constants of kidney stones. Most
information on the properties of kidney stones results from
ultrasonic measurements which invoke linear elasticity
theory or axial loading which cannot determine all the higher
order constants. However, it is not unreasonable to assume
that most kidney stones are brittle in nature and therefore can
be reasonably approximated using linear elasticity up to the
point of failure. Also alternative failure criteria could be em-

ployed, such as von Mises and Tresca conditions or fracture
toughness, rather than the maxiumum stresses and strains
calculated in this work. Finally, we note that viscoeleasticity
can be incorporated into the model—which could be of particular importance to the binder phase of kidney stones.15
In conclusion the results indicate that lithotripters with
large focal widths and short rise times will result in high
peak stresses inside the stone. If direct stress is responsible
for stone comminution, then a large-focal-zone short-risetime lithotripter should result in the best comminution of the
stone. We note that the gold standard in clinical lithotripsy is
the Dornier HM3 which has these characteristics. However,
the trend among current clinical lithotripters is towards small
focal zone lithotripters 共diameters less than 5 mm兲 with high
pressure amplitudes but not necessarily short rise times. The
results from our simulations indicate that these characteristics may not be advantageous.
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FIG. 8. Variation of peak stress inside a cylindrical stone as a function of the
shock rise time. All the peak stresses decreased as the rise time increased.
The second set of curves show calculations carried out on a 10-m grid
which show approximately a 10% increase in peak stresses for a rise time of
50 ns.

J. Acoust. Soc. Am., Vol. 118, No. 4, October 2005

C. Chaussy, W. Brendel, and E. Schmiedt, “Extracorporeally induced destruction of kidney stones by shock waves,” Lancet 2共8207兲, 1265–1268
共1980兲.
2
K. Kerbl, J. Rehman, J. Landman, D. Lee, C. Sundaram, and R. V. Clayman, “Current management of urolithisasis: Progress or regress?” J. Endourol 16共5兲, 281–288 共2002兲.
3
K. U. Kohrmann, J. J. Rassweiler, M. Manning, G. Mohr, T. O. Henkel, K.
P. Junemann, and P. Alken, “The Clinical Introduction of a 3rd Generation
Lithotriptor—Modulith Sl-20,” J. Urol. 共Baltimore兲 153共5兲, 1379–1383
共1995兲.
4
J. E. Lingeman and J. Newmark, “Adverse bioeffects of shock-wave
lithotripsy,” in Kidney Stones: Medical and Surgical Management, edited
by F. L. Coe et al. 共Lippincott-Raven, Philadelphia, 1996兲, pp. 605–614.
5
G. Janetschek, F. Frauscher, R. Knapp, G. Höfle, R. Peschel, and G. Bartsch, “New onset hypertension after extracorporeal shock wave lithotripsy:
age related incidence and prediction by intrarenal resistive index,” J. Urol.
共Baltimore兲 158共2兲, 346–351 共1997兲. 共See comments兲.
6
A. P. Evan, L. R. Willis, J. E. Lingeman, and J. A. McAteer, “Renal
trauma and the risk of long-term complications in shock wave lithotripsy,”
Nephron 78, 1–8 共1998兲.
7
G. Dahake and S. M. Gracewski, “Finite difference predictions of P-SV

R. O. Cleveland and O. A. Sapozhnikov: Elastic waves in kidney stones

2675

wave propagation inside submerged solids. II. Effect of geometry,” J.
Acoust. Soc. Am. 102, 2138–2145 共1997兲.
8
G. Dahake and S. M. Gracewski, “Finite difference predictions of P-SV
wave propagation inside submerged solids. I. Liquid-solid interface conditions,” J. Acoust. Soc. Am. 102, 2125–2137 共1997兲.
9
X. Xi and P. Zhong, “Dynamic photoelastic study of the transient stress
field in solids during shock wave lithotripsy,” J. Acoust. Soc. Am. 109,
1226–1239 共2001兲.
10
R. O. Cleveland, R. Anglade, and R. K. Babayan, “Effect of stone motion
on in vitro comminution efficiency of a Storx Modulith SLX,” J. Endourol
18, 629–633 共2004兲.
11
S. Mihardi, H. Homma, and Y. Kanto, “Numerical Analysis of Kidney
Stone Fragmentation by Short Pulse Impingemen,” JSME Int. J., Ser. A
47共4兲, 581–590 共2004兲.
12
J. R. Burns, B. E. Shoemaker, J. F. Gauthier, and B. Finlayson, “Hardness
testing of urinary calculi,” in Urolithiasis and Related Clinical Research,
edited by P. O. Schwille and E. T. C. Others 共Plenum, New York, 1985兲,
pp. 703–706.
13
N. P. Cohen and H. N. Whitfield, “Mechanical testing of urinary calculi,”
J. Urol. 共Baltimore兲 11共1兲, 13–18 共1993兲.
14
P. Zhong, C. J. Chuong, and G. M. Preminger, “Characterization of fracture toughness of renal calculi using a microindentation technique. 共Extracorporeal shock wave lithotripsy兲,” J. Mater. Sci. Lett. 12共18兲, 1460–1462
共1993兲.
15
E. T. Sylven, S. Agarwal, R. O. Cleveland, and C. L. Briant, “High Strain
Rate Testing of Kidney Stones,” J. Mater. Sci.: Mater. Med. 15, 613–617
共2004兲.
16
M. Lokhandwalla and B. Sturtevant, “Fracture mechanics model of stone
comminution in ESWL and implications for tissue damage,” Phys. Med.
Biol. 45共7兲, 1923–1940 共2000兲.
17
B. L. N. Kennett, Seismic Wave Propagation in Stratified Media, Cambridge Monographs on Mechanics and Applied Mathematics, edited by G.
K. Batchelor and J. W. Miles 共Cambridge, U.P., Cambridge, 1983兲.
18
H. Ford, Advanced Mechanics of Materials, 2nd ed. 共Wiley, New York,
1977兲.
19
S. P. Timoshenko and J. N. Goodier, Theory of Elasticity 共McGraw-Hill,
New York, 1982兲.
20
J. Vireux, “P-SV wave propagation in heterogenous media: Velocity stress

2676

J. Acoust. Soc. Am., Vol. 118, No. 4, October 2005

finite-difference method,” Geophysics 51, 889–901 共1986兲.
Q. H. Liu, E. Schoen, F. Daube, C. Randall, H. L. Liu, and P. Lee, “A
three-dimensional finite difference simulation of sonic logging,” J. Acoust.
Soc. Am. 100, 72–79 共1996兲.
22
R. W. Graves, “Simulating seismic wave propagation in 3D elastic media
using staggered-grid finite differences,” Bull. Seismol. Soc. Am. 86,
1091–1106 共1996兲.
23
K. Yee, “Numerical solutions of initial boundary value problems involving
Maxwell’s equations in isotropic media,” IEEE Trans. Antennas Propag.
AP-14, 302–307 共1966兲.
24
A. Taflove, Computational Electrodyamics: The Finite-Difference TimeDomain Method 共Artech House, Norwood, MA, 1995兲.
25
J. P. Berenger, “A perfectly matched layer for the absorption of electromagnetic waves,” J. Comp. Physiol. 114, 185–200 共1994兲.
26
W. C. Chew and Q. H. Liu, “Perfectly matched layers for elastodynamics:
A new absorbing boundary condition,” J. Comput. Acoust. 4, 341–359
共1996兲.
27
L. D. Landau and E. M. Lifshitz, Theory of Elasticity, 3rd ed. 共Pergamon,
New York, 1986兲.
28
C. Church, “A theoretical study of cavitation generated by an extracorporeal shock wave lithotripter,” J. Acoust. Soc. Am. 86, 215–227 共1989兲.
29
J. A. McAteer, J. C. Williams, Jr., R. O. Cleveland, J. van Cauwelaert, M.
R. Bailey, D. A. Lifshitz, and A. P. Evan, “Ultracal-30 Gypsum Artificial
Stones for Lithotripsy Research,” Urol. Res., in press 共2005兲.
30
R. O. Cleveland and J. S. Tello, “Effect of the diameter and the sound
speed of a kidney stone on the acoustic field induced by shock waves,”
ARLO 5, 37–43 共2004兲.
31
W. Eisenmenger, “The mechanisms of stone fragmentation in ESWL,”
Ultrasound Med. Biol. 27共5兲, 683–693 共2001兲.
32
K. T. Pace, M. J. Weir, N. Tariq, and R. J. D. Honey, “Low Success Rate
Of Repeat Shock Wave Lithotripsy For Ureteral Stones After Failed Initial
Treatment,” J. Urol. 共Baltimore兲 164, 1905–1907 共2000兲.
33
R. O. Cleveland, D. A. Lifshitz, B. A. Connors, A. P. Evan, L. R. Willis,
and L. A. Crum, “In vivo pressure measurements of lithotripsy shock
waves in pigs,” Ultrasound Med. Biol. 24, 293–306 共1998兲.
34
M. F. Hamilton and D. T. Blackstock, eds. Nonlinear Acoustics 共Academic, New York, 1998兲.
21

R. O. Cleveland and O. A. Sapozhnikov: Elastic waves in kidney stones

