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Abstract—The problem of accelerating algorithms is considered for calculating the effects of diffraction, non-
linearity, and absorption in modeling high-intensity ultrasonic beams using the nonlinear Westervelt equa-
tion. The results from calculations using graphics accelerators (graphical processing units) are compared to
ones obtained with a central processing unit. The performance of the algorithm is analyzed as a function of
the parameters of the input data.
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Fig. 1. Scheme of calculations for a nonlinear focused
ultrasonic beam.
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INTRODUCTION

Noninvasive surgery is a rapidly developing branch
of medical acoustics in which powerful focused ultra-
sonic beams are used to destroy specified structures
(e.g., tumors) inside the human body [1]. Nonlinear
sound beams must be modeled when designing trans-
ducers for generating powerful ultrasound and deter-
mining the effectiveness and safety of therapeutic
intervention [2]. The emitter in most cases generates a
monochromatic wave whose spectrum is enriched
with higher harmonics during propagation, due to the
effects of acoustic nonlinearity. The nonlinear Wester-
velt equation is commonly used for modeling ultra-
sonic beams. A theoretical model based on the Wester-
velt equation allows us to accurately describe nonlin-
ear shock-wave fields generated by focused high-
power ultrasound transducers in homogeneous
absorbing media [3, 4]. However, supercomputer
power must generally be used to solve this equation
when the evolutionary variable is time [5].

Scientists are developing special algorithms for
optimizing numerical models of the propagation of
nonlinear focused ultrasonic beams. In this work, we
consider a directed three-dimensional beam that is of
practical importance. We can in this case move to a
retarded time coordinate system whose axis is oriented
along the preferred direction of wave propagation in
the beam (i.e., along the z axis) (Fig. 1). The Wester-
velt equation therefore takes the form of an evolution-
ary equation expressing the first derivative of the
acoustic pressure along the axial coordinate through a
combination of terms that can be considered known
for a given z. An equation of this type is normally
solved numerically by splitting into physical factors
[6], according to which each physical effect is calcu-
63
lated separately at each step along the z coordinate in
the preferred direction of wave propagation using a
specific procedure. Typical dimensions of the matrices
for storing the pressure field can be as high as Nx =
10000 per Ny = 10000 (Fig. 1) for each of the Nmax =
1000 harmonics of the nonlinear waveform [7].
Despite these simplifications, the volume of data and
the corresponding complexity of the calculations
require the use of supercomputers.

The requirements for the amount of RAM can be
reduced by optimizing the distribution of higher har-
monics in space. This problem can be solved using a
2
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PC with multicore central processing units (CPU) [7].
However, one calculation can take up to several days,
even if the calculations are executed in parallel on sev-
eral processor cores (usually 2 to 16), which speeds up
the calculations by approximately the corresponding
number of times. This is because computational oper-
ations with large volumes of data must be performed at
each step of the algorithm. It is also normally required
to make several tens of calculations to characterize the
field of one emitter throughout the range of powers
[4]. In addition to the speed of calculations, the use of
PC calculations is also limited by the processor’s
RAM. If there is insufficient memory to perform cal-
culations with the available volume of data, there is a
hard-disk exchange of data that greatly slows the algo-
rithm and makes calculations impractical. A potential
way of solving the problem of computational speed is
to use graphical processing units (GPUs) that have as
many as several thousand highly specialized cores and
allow us to perform a fairly wide range of mathematical
operations [8]. However, raising the number of cores
does not necessarily speed up computations by the
corresponding number of times. This is because GPU
cores are less powerful than their CPU counterparts,
and their performance and computational speed are
correspondingly worse. When each step of the algo-
rithm along the evolutionary coordinate is executed,
the data is stored and recorded in the RAM of the
CPU. This requires an exchange of data between the
CPU and GPU at each step of the algorithm, and this
process takes additional time. Due to features of GPU
architecture, a major problem is finding a balance
between the maximum volumes of data processed at
this step of the algorithm (the data are loaded into the
GPU RAM in order to avoid their transfer in parts)
and minimizing the exchange of data between the
CPU RAM and the GPU RAM.

The aim of this work was to develop an algorithm
for numerically calculating the effects of acoustic non-
linearity, diffraction, and absorption according to the
one-way Westervelt equation, using graphical process-
ing units (GPUs) that help solve the problem of mod-
eling nonlinear ultrasonic beams.

THEORETICAL MODEL
The Westervelt equation in a retarded time coordi-

nate system can be written in evolutionary form as

(1)

where p(x, y, z, τ) is the acoustic pressure;  is the
speed of sound in the medium;  retarded
time;  is a nonlinearity coefficient; and  is the coef-
ficient of thermoviscous absorption [3, 4]. The differ-
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ential operators on the right side of the equation,
noted from left to right, describe the effects of diffrac-
tion, nonlinearity, and thermoviscous absorption.

In the numerical solution to Eq. (1) at each step in
the z coordinate, discretized pressure field 
in the computer’s memory takes the form of a three-
dimensional matrix that contains a set of complex
amplitudes of Nmax harmonics of the wave spectrum in
the expansion of its waveform into a finite Fourier
series at each spatial point of plane xy on a grid with
number of points Nx and step Δx along axis x and Ny
with step Δy along axis y:

(2)

where the angular frequencies of the harmonics are
ωn = ωn; ω is the angular frequency of the monochro-
matic source; and pn are the complex amplitudes of the
harmonics. Note that it is sufficient to store only half
of the spectrum (at positive frequencies) in the com-
puter memory, since the second half at negative fre-
quencies is complex-conjugate to the first half.

As noted above, this problem takes a long time to
solve using CPUs. The use of GPUs is becoming more
popular, for which a great number of algorithms have
already been adapted. An advantage of GPUs is that
they contain up to several thousand small cores that
perform many arithmetic operations at the same time,
while CPUs contain several powerful cores that exe-
cute the widest possible set of operations [8]. Libraries
of many standard mathematical operations and proce-
dures such as those related to linear algebra and fast
Fourier transform (FFT) have already been intro-
duced for modern GPUs.

Let us consider the physical effects included in
Eq. (1) individually. The effect of diffraction is
described by the equation [9]

(3)

where  is the Laplace operator.

Diffraction equation (3) for the complex amplitude of
one harmonic is written as

(4)

where  is the wave number. When solving
Eq. (4) with the angular spectrum approach, the
amplitudes of the spatial spectrum are found using a
direct FFT from the two-dimensional distribution of
harmonic field  at distance z from the
source:
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where   Multiplying the spectral
amplitudes by the propagator corresponding to Eq. (4)
yields a solution for the amplitudes on the next plane,
which is separated from the previous one by step ∆z:

(6)

When performing the inverse FFT, a solution is
obtained at the next distance z + Δz from the source:

(7)

We next consider the effect of thermoviscous
absorption, the equation for which is written as

(8)

In spectral representation, this equation has an
exact analytical solution:

(9)

Nonlinear effects are described by the differential
equation

(10)

Since the acoustic pressure is presented in the form
of a Fourier series in time harmonics (2), Eq. (10) at a
given point in space is written in the form of a system
of nonlinear coupled equations [10]:

(11)

where  is the complex-conjugate amplitude of the
harmonic. We must therefore solve the system of ordi-
nary differential equations of the first order for the
amplitudes of the harmonics in order to calculate the
field at next step  along axis z. The system can be
formulated as the Cauchy problem

(12)

The vector of values    of size Nmax is a set of har-
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Eq. (10). An approximate solution to the system at the

= Δ ,x m x = Δ .y l y

� �
− + − −+ Δ =

2 2 2Δ Δ( , ( , ,,  .) ) n n x yi zk i z k k k
n x y n x yp k k z z p k k z e

� ( )
−−

− −

+ Δ

= + Δ 
11

0 0

, , )(

.1 ,  ,  
yx

x y

n
NN

ik x ik y
n

x y

p x y z z

p x y z z e
N N

∂ ∂δ=
∂ ∂τ

2

3 2
0

 .
2

p p
z c

( ) ( )  Δ ω δ+ Δ = − 
 

2

3
0

, , , , exp   .
2

n
n n

zp x y z z p x y z
c

β∂ ∂=
∂ ∂τρ

2

3
0 0

.
2

p p
z c

− −

+ −
==

 ∂ ωβ= +  ∂ ρ  


max 1

3
110 0

1* ,
2

N n n
n

k n k k n k
kk

p in p p p p
z c

*
np

Δz

( ) ( )= =
�

�

� � �

0 0, .dy f y y z y
dz

�y
�

f

BULLETIN OF THE RUSSIAN ACADE
next  step is constructed using the Runge–Kutta
procedure on the fourth order of accuracy [10]:

(13)

The calculations are repeated in a computational
cycle until the required interval along the z axis is
passed. Splitting according to physical factors of the
second order of accuracy is in this case used [13]. This
means the diffraction and absorption operators at step
Δz/2 are first calculated at each step of the cycle. The
nonlinearity operator at full step Δz is then calculated,
and the calculations for the first two operators at the
half step are repeated again.

Our calculations were made using an Intel Core i7
4790 CPU (four physical cores and eight virtual cores)
and the GPU of an Nvidia GTX1070 video card, for
which a program was written in C that included the
functions of the CUDA kernel, which implemented
algorithms (6), (9), and (13), respectively. Two-
dimensional Fourier transforms required when using
an angular spectrum were performed using the built-in
cuFFT library from the Сuda Development Toolkit
package. Parallel execution was achieved due to both
the internal parallelism of the fast Fourier transform
algorithm implemented for the GPU and to the execu-
tion of the CUDA kernel function when multiplying
the spatial spectrum by propagator (6). The absorption
and nonlinearity algorithms were parallelized along
the spatial coordinates of plane xy. The cores of the
multicore processor calculated in parallel the absorp-
tion and nonlinearity operators for different points in
the space of plane xy. In the CPU algorithm, parallel
calculations of diffraction were achieved via the simul-
taneous processing of the fields of several harmonics
by the CPU cores according to algorithm (5)–(7).

RESULTS AND DISCUSSION

The initial distribution of the complex amplitude of
the first harmonic in plane z = 0 was obtained using
the Rayleigh integral in [14], calculated for a focused
transducer with a frequency of 1 MHz, a diameter of
10 cm, and a focal length of 9 cm [12]. The distribution
was specified on a square grid with total number of
cells NxNy, where Nx = Ny = 2560. The spatial step was
Δx = Δy = 0.4 mm, and the number of harmonics used
in the calculations was Nmax = 50. The algorithm’s
operation provided the distributions of the first three
field harmonics on the emitter’s axis (Fig. 2), and in
the focal (Figs. 3a–3c) and axial (Figs. 3d–3f) planes.
The calculated spatial distributions of the harmonic
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Fig. 2. Amplitudes of the first three harmonics on the axis of the emitter.
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Fig. 3. Amplitude distribution of the (a) first, (b) second, and (c) third harmonics in the focal plane. The amplitude distribution
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amplitudes were compared to ones obtained in the
program executed using the CPU. Both calculations
gave indistinguishable results, confirming the correct-
ness of the algorithm implemented for the GPU.

Table 1 compares the running time of a single-
threaded algorithm executed using the CPU with
BULLETIN OF THE RUSSIAN ACADEMY OF SCIENCES
multi-threaded algorithms and an algorithm using the
GPU with a beam propagation of 1200 steps (or
120 mm). Calculations can be sped up by around an
order of magnitude using the GPU, compared to the
eight-thread algorithm using the CPU (even though
the GPU has hundreds of times more cores). This is
because the difference between the power of the pro-
: PHYSICS  Vol. 85  No. 6  2021
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Table 1. Comparison of the speeds of execution for all types of algorithms

Matrix dimension Number of 

harmonics Nmax

T, min

One CPU thread Four CPU threads Eight CPU threads
GPU (1920 

threads)

2560
10 1900 470 300 23

50 43200 11520 7800 252

x, yN N

Table 2. Comparison of the speed of execution for algorithms with eight CPU threads and GPU threads for different num-
bers of harmonics

Number of harmonics Nmax 10 30 50 80 100

T, s Eight CPU threads 137 1100 3350 9850 16300

GPU (1920 threads) 12.2 56 128 285 423

T8/TGPU 12 20 26 35 39
cessor cores and the time spent on the exchange of

data between the CPU and GPU. Note the speed of

calculations using the GPU, compared to that of cal-

culations using eight CPU threads for a different num-

ber of harmonics (Table 2). We can see that accelera-

tion grows in proportion to the increase in the number

of harmonics. Since that the calculations in both algo-

rithms are based on a set of the simplest arithmetic

operations for a large volume of data, the algorithm for

the GPU runs faster because there are more parallel

threads, despite the lower power of the cores of the

processor. Acceleration therefore grows along with the

volume of data by, e.g., increasing the number of har-

monics.

CONCLUSIONS

The example of calculating the field generated by a

focusing ultrasonic emitter was employed to demon-

strate the use of computations using GPUs to paral-

lelize the algorithm for solving the Westervelt equa-

tion. This version of the algorithm using the GPU

sped up calculations by an order of magnitude, com-

pared to the one using the CPU. We plan to optimize

the algorithm for the GPU in order to accelerate com-

putations even more.
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