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INTRODUCTION

To increase the quality of ultrasound diagnostics
and retain the highest selectivity of action in therapy, it
is important to be able to calculate the spatiotemporal
structure of the acoustic field. Obviously, any inaccu�
racy or error in using ultrasound in diagnostics and
therapy increases the risks to patient health. There�
fore, it is necessary to know the true field spatial distri�
bution of medical transducers; in particular, for multi�
element diagnostic antenna arrays, it is necessary to
track the appearance and character of undesired side�
lobes and parasitic maxima; for devices of large wave
dimensions applied in therapy and surgery, is neces�
sary to calculate the most accurately the ultrasound
intensity and the dimensions of the focal region. It is
impossible to predict the fine spatial structure of
acoustic fields without knowledge of the character of a
transducer’s surface vibrations. Whereas the charac�
teristics of electronic devices (generators, amplifiers,
oscilloscopes) can be easily measured and taken into
account during measurements, the parameters of ultra�
sound transducers themselves are usually insufficiently
known. Companies producing ultrasound transducers
report only one�dimensional characteristics like fre�
quency or impulse response as technical specifica�
tions; in the best case, the dimensional characteristic
in the far field is given. Therefore, in practice, to
describe the structure of the acoustic field of sources,

it is necessary to rush to certain conclusions with
respect to the vibration structure of source surfaces. It
is commonly accepted that the distribution of the nor�
mal component of the vibration speed on a transducer
surface is uniform; i.e., the transducer vibrates like a
hard piston. However, the true field distribution along
the surface of piezoelectric ultrasound sources, as a
rule, significantly deviates from a “piston” source [1,
2]. Therefore, the parameters of the entire system, cal�
culated using a piston approximation (such as the
directivity pattern, the location of the focus, the inten�
sity at specific points, the degree of field symmetry,
etc.) can noticeably differ from the actual parameters,
which leads to errors that are frequently unacceptable
for a number of applications. 

To find the field on the source, acoustic holography
is quite promising, which makes it possible to recover
the vibration speed on the transducer surface. Using
these data, we can calculate the acoustic field created
by the transducer with a high degree of accuracy. The
efficiency of this method for plane and spherically
focused sources was confirmed in our previous works
[2�4]. In medical applications and in hydroacoustics,
in addition to the above, cylindrical ultrasound piezo�
electric transducers are also used, the vibration speed
distribution on the surface of which is unknown. An
example of using cylindrical sources in ultrasound sur�
gery is the method of treating atrial fibrillation, in
which the high�frequency (on the order of 9 MHz)
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cylindrical radiator produces a thermal action on the
wall of a pulmonary vein is produced [5]. To success�
fully test, it is important to know the exact vibration
speed distribution on the surface of the radiator.

The aim of this work is to study the vibration speed
distribution on the surface of cylindrical ultrasound
transducers by acoustic holography. It is shown that
acoustic holography of sources can be implemented in
several ways, among which two are the simplest and
most effective. One of them is based on the use of the
spatial spectral method (Fourier acoustics), and the
second, on the principle of time reversal acoustics
(TRA) and use of the Rayleigh integral.

FOURIER ACOUSTICS FOR HOLOGRAPHY 
OF CYLINDRICAL SOURCES

Using classical Fourier acoustics, the acoustic field
expands over plane waves of different directions
(angular spectrum method) [6]. When the measure�
ment plane is located close to the source and is able to
measure inhomogeneous waves, a unique feature of
this method manifests itself, which makes it possible to
recover the structure of the source with a spatial reso�
lution less than the wavelength. The corresponding
procedure of calculating back propagation is called
“near�field acoustical holography1” [7, 8]. When the
measurement surface is located far from the source
(distances on the order of several wavelengths or
more), inhomogeneous waves are lost on the noise
background and the spatial resolution of the method is
limited by the usual diffraction limit (on the order of
the wavelength). In this case, only an approximate
solution to the inverse problem exists. Nevertheless,
for the megahertz frequency range in liquids, this
approximation is acceptable and gives high accuracy
for a number of applications [2].

It is convenient to describe cylindrical sources and
the acoustic fields created by them in cylindrical coor�
dinates . We examine a cylinder of radius , the
axis of which coincides with that of the cylindrical sys�
tem of coordinates (Fig. 1). The cylinder radiates at
frequency f a harmonic wave in which the acoustic
pressure near the radiator is described by an unknown
distribution . In the linear case, for acoustic
pressure , the Helmholtz equation is justified:

(1)

where  is the wavenumber and Δ =  +

 is the Laplace opera�
tor. The acoustic pressure on a cylindrical surface
r = const can be represented as a Fourier series over ϕ

1 Strictly speaking, such holography is more properly called ultra�
near�field holography, since the traditionally determined near
field of a source extends to a distance ~D2/λ (D is the source
diameter and λ is the wavelength) and therefore for sources of
large wave dimensions greatly exceeds the wavelength.
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(due to field periodicity over the polar angle) and a
Fourier integral over  [9]:

(2)

Here, wave number  gives the spatial frequency in
the direction of axis  and number m characterizes the
oscillation frequency as a function of the polar angle
(number m is equal to the number of periods of the
chosen spectral component upon complete circum�
vention of the cylinder). Similarly to the case of plane
sources, the spatial spectrum is an expansion of the
field over plane waves of different directions, and rep�
resentation (2) expresses the field of cylindrical
sources in the form of superposition of helical waves,
the wave fronts of which in the far field assume a con�
ical shape [6]. The value of spectral amplitude 
can be obtained applying inverse Fourier transform to
both sides of expression (2):

(3)

Substituting (2) into (1), we arrive at the Bessel equa�
tion for function . Its solutions, correspond�
ing to diverging waves, are expressed by means of the

Hankel function: , where

. As a result, for two arbitrary values of
the radial coordinate  and , we obtain an
expression relating the spatial spectra of acoustic pres�
sure in a diverging wave on different cylindrical sur�
faces:

(4)

where the factor , often referred to as the
“propagator” [10], is expressed by means of the ratio
of the corresponding Hankel functions:
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Fig. 1. Position of the radiating cylinder and measurement
surface.



96

ACOUSTICAL PHYSICS  Vol. 57  No. 1  2011

TSYSAR et al.

(5)

Thus, if we know the acoustic pressure distribution on
any cylindrical surface , then with the help of
expressions (2)–(5), we can calculate what the pres�
sure will be on any cylindrical surface . In
contrast, the written expressions make it possible to
solve the inverse problem: if we know the pressure dis�
tribution at , then from it we can calculate the
initial pressure distribution at the source :

. (6)

This is the essence of the spectral method of hologra�
phy of cylindrical sources [8, 11].

In certain cases, what is of interest is not acoustical
pressure, but the normal component of vibration
speed vr on the surface of the source. The holographic
problem in such a statement is solved in a similar way.
From the equation of motion, it follows that the com�
ponents of the spatial spectrum of acoustic pressure
and radial vibration speed are related in the following

way:  = , where  is the
density of the medium. According to (4) and (5), we
have

(7)

where  is an arbitrary Hankel
function of the argument. After the spectral amplitude

 is found, the value of the normal component
of vibration speed on the surface of the source is found
by inverse Fourier transform:

(8)

Formulas (3), (7), and (8) allow us to find the velocity
distribution on the surface of the source from the
results of measuring pressure on the cylindrical surface
surrounding it.

The above formulas assign an exact solution to the
problem on finding the field at a cylindrical source
from the known field at a certain distance from it.
However, in implementing the described algorithm in
practice, exact calculation proves impossible for sev�
eral reasons. In addition to the purely technical limit
as a result of conducting measurements at a finite
number of points, there is a more fundamental prob�
lem related to the presence of evanescent (inhomoge�
neous) waves.

This diffraction feature is well known in the case of
plane sources, for which the amplitude of inhomoge�
neous waves attenuates exponentially with distance.
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The presence of noise in the measuring system leads to
the fact that the parameters of inhomogeneous waves
cannot be measured with sufficient accuracy at large
distances from the source. As a result, the above algo�
rithm for solving the inverse problem of finding the
field at the source becomes incorrect and its formal
application leads to large errors. A practical solution
here is to ignore inhomogeneous waves. In such an
approach, the problem becomes correct, but inhomo�
geneities less than the wavelength are not recovered;
i.e., the holographic procedure allows us to find only a
smoothed variant of the field at the source.

To decrease the effect of smoothing, it is possible to
conduct measurements at a relatively small distance
from the source, where not all inhomogeneous waves
are noticeably attenuated and can therefore be mea�
sured and used to find the field at the source (the
above�mentioned near�field holography [6]). At
present, there are a number of works in which cylindri�
cal sources have been studied by near�field hologra�
phy. In [8, 11] vibrations of the cylinder in water were
studied at frequencies on the order of 2 kHz; as well,
special attention was devoted to the presence of inho�
mogeneous waves with the help of which it was possi�
ble to obtain a resolution exceeding the standard dif�
fraction limit. In [12, 13] acoustic sources were stud�
ied in air in the presence of noise and inconstancy in
the radiation level with the use of near�field hologra�
phy in cylindrical coordinates in the frequency range
of 0.8–1.3 kHz.

In studying piezoelectric sources working at mega�
hertz frequencies, measurements at small distances
from the source (on the order of the wavelength) are
usually impossible. The reason for this is the inevitable
rereflections of an acoustic wave between the receiver
and the radiating surface. In addition, electromagnetic
interference from the source may be noticeable, mask�
ing weak acoustic signals. Therefore, it is necessary to
perform measurements at a large distance from the
radiator, which makes it impossible to take into
account inhomogeneous waves. However, megahertz�
range piezoelectric sources used in practice usually
have large wave dimensions and the role of inhomoge�
neous waves in the fields created by them is insignifi�
cant. Thus, holography without allowance for inho�
mogeneous waves is a sufficiently precise tool for
studying sources.

For the sources of cylindrically diverging waves
considered in this work, inhomogeneous waves have a
specific character, allowance for which makes it possi�
ble to decrease the effect of diffraction smoothing
when performing measurements at large, in compari�
son to the wavelength, distances. As was already noted,
the complex amplitude of the spectral component has

the form . At ,

the argument of the Hankel function becomes imaginary,
and it transforms to a Macdonald function of the actual

( ) ( )−

(1) 2 2; ~m z m zP k r H k k r > = ωzk k c
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argument , where ;
i.e., the wave becomes exponentially decreasing:

. Thus, the spectral com�

ponents with axial wave number  describe inho�
mogeneous waves, which should be discarded in per�
forming measurements at large distances from the
source.

However, the condition  is insufficient for
the corresponding spectral component to have the
form of a diverging wave. Indeed, in the case of plane
sources, the angular spectrum component propagates

at , where  and  are the spatial fre�
quencies in directions  and  on the source plane. By
analogy, in the case of cylindrical sources, we can
assume the existence of a similar condition in which
the role of component  should be played by a com�
ponent corresponding to the polar angle: ,
where  is the spatial period of perturbation
at distance , corresponding to the angular compo�
nent with index . In other words, the effective wave
number,

(9)

and with it, the condition under which the wave prop�
agates,

(10)

depend on distance.
This important feature of the behavior of spectral

components is not obvious at first glance. Indeed, if the
condition  is fulfilled, the argument of the Hankel

function as a function of  ~  is

real; i.e., it is as if the wave is propagating. The seeming
paradox is explained by the specific structure of the
Hankel function. Note that the Hankel function is
expressed by means of the Bessel and Neumann func�

tions:  = . Each of the functions
 and  entering into this representation is, in

contrast to , a real function and describes a
standing cylindrical wave. For Bessel function , it
is known that at , its value is small; i.e., corre�

sponding field ~  turns into a standing

wave. In other words, at ξ = , a wave
transfers energy only within the limits of a scale less
than the wavelength; i.e., it can be considered non�
propagating. Writing this condition in the form

, we find that the wave is nonprop�

agating at , which coincides with criterion
(10) written above for a propagating wave in analogy to
the case of plane sources. As was mentioned in [6],
attenuation of the mentioned waves occurs approxi�
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mately according to a power law: .
Such a dependence means that, although attenuation
is rather strong (especially for ), the drop is not
exponentially rapid; i.e., it is possible to record the sig�
nal far from the source.

From formulas (9) and (10) it follows that for cylin�
drical sources it is not always possible to clearly differ�
entiate propagating and nonpropagating waves (in
contrast to the case of plane sources). There are three
types of waves: (1) permanently propagating compo�
nents—those for which condition (10) is fulfilled at
distance , i.e., at ; (2) permanently non�
propagating components—those for which ;
(3) components that at the source itself and up to a

distance of  are nonpropagating and
then begin to propagate. The existence of the third
type of waves results when in a cylindrically diverging
wave, the latitudinal scale in the direction in which the
polar angle is measured increases linearly with dis�
tance; i.e., those inhomogeneities that were initially
small in comparison to the wavelength sooner or later
begin to exceed the wavelength and therefore cease to
rapidly attenuate.

In constructing a far�field holographic algorithm
from formula (6), we can use waves of the first type,
i.e., permanently propagating spectral components.
Such a choice ensures stability but leads to smoothing
of pressure propagation at the source both in the  and
ϕ directions. The effect of smoothing of the field at the
source in the ϕ direction can be decreased if we use
those waves of the third type that transform to propa�
gating until they have time to noticeably attenuate.
However, measurements here can be conducted at dis�
tances of many wavelengths from the source, and for
accuracy in recovering the field at the source, it is pos�
sible to exceed the standard diffraction limit, which is
one�half the wavelength (just like in near�field holog�
raphy).

The criterion for choosing the necessary number of
spectral components of the third type depends on the
measurement accuracy. As an example, we consider a
cylindrical source with a radius  = 9.25 mm and a
frequency of f = 1.5 MHz. Let the holographic infor�
mation be collected on a cylinder with a radius of  =
40 mm; the velocity of sound in the medium is c =
1.5 mm/µs. Such parameters are used in the numeri�
cal experiment described below. In Fig. 2, the depen�
dences of the propagator modulus (5) are constructed
for several values of the  ratio. The values of the
critical angular index are

(11)

When it is exceeded ( ), the wave at the source is
evanescent, it corresponds to the vertical dashed line.
As is seen, with increasing angular index, the propaga�
tor hardly subsides at all up to , but the incipient
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(upon further growth m) drop is not steep, owing to
which on the surface , part of the spectral com�
ponents with numbers  can be recorded. For
instance, at  = 0, 100 dB attenuation occurs at

. Thus, in finding the field at the source, we
can use a larger number of angular components and in
the same way increase the spatial resolution.

We consider a numerical example illustrating the
features of the examined holographic algorithm. Let at
the initial cylinder with radius  = 9.25 mm the pres�
sure differ from zero on one�half of the cylinder
( ) within the limits of a region with a
height of  = 6 mm (7 mm  13 mm); see Fig. 3a.
The radiation frequency f = 1.5 MHz. Let the ampli�
tude and wave phase be measured on a cylinder with a
radius of  = 40 mm and a height of l = 20 mm
(  mm). Measurements are conducted in
mesh nodes with a step (0.25 mm) less than a half�
wavelength (0.5 mm).

The calculation algorithm is explained in Fig. 3. As
a first step, from formula (3) using a step much less
than the wavelength with the help of fast Fourier trans�
form (FFT), we calculated the spatial spectrum of the
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pressure field at the source ; see Fig. 3a, lower
panel. Then, from formulas (4), (5), we found the spa�
tial spectrum  on the measurement surface

. At the next step, from formula (2) we calculated
the values of pressure  at the nodes of the
measurement mesh. This distribution simulated data
of a hypothetical experiment (Fig. 3b, top). Further,
we use these data to calculate the spatial spectrum

 on the basis of formula (3), in which the intervals
were approximately replaced by sums from the
method of rectangles. We calculated only those spec�
tral components for which attenuation in the region
from  to  is not too large (i.e., either only
propagating waves or, in addition to it, the discussed
waves of mixed type). The amplitude of the remaining
components were taken to be equal to zero. The
obtained distribution is shown in Fig. 3b, bottom.
After this, from formula (6), we solved the inverse
problem: we found the spatial spectrum of the wave at
the source, i.e., at  (Fig. 3c, bottom). Further,
from formula (2), in which integration was approxi�
mately replaced by summation, we calculated the
pressure distribution at the source (Fig. 3c, top),
which we compared to the initial value 
(Fig. 3a, top). With deviation of the calculated distri�
bution from the initial one, we could estimate the
accuracy of holographic recovery and find the appro�
priate parameters of the measurement mesh.

BACK PROPAGATION METHOD BASED 
ON THE RAYLEIGH INTEGRAL

The indicated method was described by us earlier
for studying plane and spherically focused radiators [2,
3] possessing a clearly expressed direction characteris�
tic. We briefly state the essence of the method. At a
certain distance from the studied acoustic source, we
consider the surface enveloping it , the acoustic
pressure at which is considered known from experi�
ment. The fields of quasi�plane sources of large wave
dimensions have the form of beams limited in the lat�
itudinal direction, and therefore in practice it is suffi�
cient to perform measurements in the region of the
surface opposite the source. The problem lies in find�
ing the acoustic characteristics on the surface of a har�
monic source using a hologram—the distribution,
measured in region , of the complex amplitude of
acoustic pressure , where  are the coordinates
of points of the surface . The fundamental possibil�
ity of this follows from the reversibility of the wave
equation in time. If surface  can be ideally replaced
by a mirror reversing time (in the case of harmonic
waves, reversing phase), then the wave reflected from it
will propagate backwards and, reaching the source, in
a certain sense will recover its initial characteristics.
The amplitude of the normal component of the vibra�
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using a Rayleigh�type integral [3]:
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face of the source at recovery point , and  is
a unique normal to surface element  oriented
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 and , then after differentia�
tion, the expression for kernel (13) takes the form
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Note that the above�described holographic method
is approximate. The reason for this is the fundamental
circumstance that the invariance of the wave equation
relative to the change in sign of time is insufficient for
full reversal of the wave process in time [14, 15]. In a
strict calculation of the back propagation, it is also
necessary to do it such that the boundary conditions
are reversed in time; i.e., all sources become sinks equal
in magnitude. In calculating waves by formula (12) on
the surface of a radiator, no sinks arise. Instead of this,
a back�propagating (hypothetical) wave is rendered
the ability to freely pass through the surface of the
radiator, which only approximately replaces the sinks
located there, especially if holographic recovery of
small (in comparison to the wavelength) field inhomo�
geneities on the radiator take place. As a consequence,
in calculating the field distribution at the radiator by
formula (12), diffraction smoothing of inhomogene�
ities less than the wavelength occurs. At the same time,
for large field inhomogeneities at the radiator, replace�
ment of sinks by “transparency” of the surface is quite
justified, which explains the high accuracy of the
method for quasi�plane sources of large wave dimen�
sions.

In this paper, we consider cylindrical sources of
large wave dimensions, for which there is spatial local�
ization of the field only in the direction along the cyl�
inder axis, and in the plane, along the perpendicular
axis, radiation diverges in all directions. Due to the
indicated features, as a measurement surface  for
recording the entire radiated field, it is necessary to
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take a surface that encloses the studied source from all
sides at the polar angle. In calculating back propaga�
tion according to formula (12), from such a surface
closed by the polar angle, a wave intersects each ele�
ment of the surface of a cylindrical radiator twice—
not only externally, but also internally; i.e., not only
the necessary sinks effectively arise, but parasitic
sources. Therefore, Rayleigh integral (12) does not
permit a correct recovery of the field on the radiator
surface.

We can make a necessary modification to the
method based on allowance for the limiting case of
very high frequencies, when wave propagation occurs
in accordance with the geometric acoustics approxi�
mation. In this approximation, during back propaga�
tion, waves not from all surface  elements arrive at a
given point, but only from those not shielded by the
cylindrical radiator itself. The remaining surface 
elements are in the acoustic shadow zone. Therefore,
if we exclude them in calculation by formula (12), then
the above�mentioned parasitic sources will also be
excluded. In such an approach, we should take Ray�
leigh integral (12) as the basis for holography; in this
integral, integration is done not over entire measure�
ment surface , but only over that part of it

 that is visible from point  of the radiator
surface. If the radiator surface is a cylinder of radius ,
the field is recovered at a point with angular coordinate
ϕ, and holographic information is collected on the
cylindrical surface of radius , then the indicated sur�
face  corresponds to the range of changes in polar
angle . Formula (12) in this approxi�
mation takes the form

(15)

Here,  and  give the borders of the interval of
changes in the axial coordinate in the scanning region
and kernel (14) is described by the following expres�
sion:

(16)

where  is the wave number and R =

.
In the experiment, the parameters of acoustic

waves are measured in a finite set of points of surface
; therefore, when expression (15) is used, the inte�
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gral should be approximated by a sum. When the
method is used in practice, in collecting holographic
information (i.e., in measuring the amplitude and
phase of the wave), the choice of the scanning step is
extremely important. At too high a step, the parame�
ters of the field at the radiator are recovered with a sig�
nificant error. If the step is chosen too small, in order
to guarantee extra recovery accuracy, then the scan�
ning time can prove inadmissibly large (more than sev�
eral hours). It is natural to choose a scanning step
based on the requirement that at the magnitude of the
step the measured field changes little. This require�
ment is deliberately fulfilled at a half�wavelength step
(the corresponding criterion is none other than the
Nyquist criterion arising in the analysis of the spatial
spectrum). In the case of cylindrical sources at a dis�
tance of many wavelengths, the diagram of the direc�
tional characteristic is established and the angular
measurement scale of the field therefore does not
change; i.e., the spatial scale increases in proportion
to distance from the source. Therefore, a linear step
in the direction of change in angle can be increased
in accordance with the required angular step

. The scanning step along the source taxes
should be taken close to the half�wavelength. Larger
steps can also prove insufficient, especially if the scan�
ning surface is close to the phase front of the wave. To
find the most admissible step, it is convenient to per�
form numerical simulation of direct and back propa�
gation problems as applied to a specific radiator.

The results of calculations and comparison of the
suggested holographic method with the spectral
method are described below.

EXPERIMENT

To check the described holographic methods, we
conducted a number of experiments with cylindrical
sources in water. Below we give the results for two
sources, the first of which was analyzed by the spectral
holographic method, and the second, by the Rayleigh
integral method. Both sources were cylindrically
shaped and were prepared from a radially polarized
PZT piezoceramic.

The first radiator was a cylinder with an external
diameter of 18.5 mm, a width of 1 mm, and a height of
20 mm. The internal part of this ceramic cylinder was
filled with air. The radiator was attached to the end
face of a vertically situated metal rod coaxial with it,
which was able to turn in a controlled manner around
the axis and shift along the axis via a micropositioning
system (Velmex UniSlide VP9000, United States).
Before conducting the experiment, coincidence of the
axis of rotation and the radiator axis was ensured with
an accuracy of up to 0.05 mm by means of a prelimi�
nary setup and control of the gap between the surface
of the rotating cylinder and an immobile screen with
the aid of a set of calibration probes. To measure pres�

( )Δϕ = λ 02r
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sure, a needle�shaped hydrophone (SEA, PVDFZ44�
0400) with a preamplifier was used, with the diameter
of the sensitive region of 0.4 mm, which was also sub�
merged in water and fixed at a given distance from the
source. During scanning, the hydrophone was immo�
bile and the cylindrical source was turned over or
shifted in the vertical direction. Such scanning in the
coordinate system of the source was equivalent to dis�
placement of the sensor along the cylindrical surface
surrounding the studied source. Voltage to the radiator
was fed from a generator (Hewlett Packard 33120A) in
the form of radio pulses with a duration of 50 μs and a
modulation frequency of 0.7–1.5 MHz (for different
radiators). The pulse repetition rate was about 300 Hz.
The signal from the hydrophone passed through the
amplifier to the oscilloscope (Tektronix TDS520A),
after which it was processed by a computer. To increase
the signal�to�noise ratio, which determines the quan�
tity D, in addition to amplification of the signal fed to
the radiator, averaging of the received signal was per�
formed over several periods (10–20) within the limits
of the observed time window and over time (0.5–5 s)
at a fixed sweep frequency of 300 Hz at every point in
space. By increasing the time of averaging, it is possi�
ble to achieve values of D = 150 dB or higher; however,
the total measurement time in this case for a scanning
array of 360 × 100 points should be several days. In the
operating mode with parameters of averaging at which
full scanning was conducted over a time of 6–8 h,
quantity D is equal to values from 60 to 80 dB. The
radiator was displaced stepwise by a computer�con�
trolled positioning system.

Figure 4a shows the external view of the radiator
with parameters r0 = 9.25 mm, l = 20 mm, f =

1.528 MHz with a plasticine “M” affixed to the radi�
ating surface. Figure 4b shows the distribution of
amplitude (top) and phase (bottom) of acoustic pres�
sure on the cylindrical surface with radius r1 = 40 mm.
Measurements were performed on a mesh of 360 × 80
points with an angular step of 1 deg in the direction
of the radiator axis with a step of 0.5 mm. The mea�
sured field contains information on the acoustic pres�
sure distribution on the radiator surface, including the
strongly blurred contour of the “M.” Figure 4c shows
the distributions of amplitude and phase of acoustic
pressure on the surface of a cylindrical source
obtained by the described spectral method of acous�
tic holography. In calculations, we used the restric�
tion on the spatial spectrum of the signal using the
value D = 80 dB. It is distinctly seen that the charac�
teristic features of the amplitude and phase distribu�
tion of pressure well replicates shape of the affixed
letter “M.”

Data for this radiator were processed by the Ray�
leigh integral. Pictures of the amplitude and phase dis�
tribution of pressure on the surface of the source
obtained by the two methods proved practically indis�
tinguishable. Therefore, here we only give results
obtained by the angular spectrum method. A more
detailed comparison of the two methods is given in the
concluding section of the paper.

The second cylindrical source had a height of 6 mm
and a diameter of 2.7 mm. The wall thickness of the
cylinder was 270 ± 25 μm. In the inner cavity of the
cylinder, there was an acoustic reflector—a brass rod
separated from the inner wall of the cylinder by a water
space slightly less than a half�wavelength. The source
achieved maximum acoustic power in the frequency
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Fig. 4. (a) Photograph of the radiator, r1 = 9.25 mm, l = 20 mm, f = 1.528 MHz; (b) amplitude and phase distribution of pressure
on the measurement surface, r1 = 40 mm; (c) recovered amplitude and phase distribution of pressure on the radiator surface.
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band near 9.0 ± 0.25 MHz. It was placed on the end of
an intravascular catheter designated for minimum
invasive action on heart tissues in treating symptoms of
auricle arrhythmia [16].

Just like in the case of the first radiator, the ultra�
sound field was measured in the pulse�periodic
mode. We used a ProRhythm Inc (United States)
micropositioning setup for quality control of the
radiators (depicted in Fig. 5). The tip of the catheter
with the cylindrical radiator positioned on it was
turned about its own axis, and the hydrophone moved
independently in the axial (vertical) direction. This
enables the measurement of acoustic pressure at ran�
dom points coaxial with the radiator over the cylin�
drical surface. Rotation of the radiator and shifting of
the hydrophone was carried out automatically by the
computer�controlled step motors of the microposi�
tioning system. Electric pulses 5–10 μs in duration
were generated by an HP 33120A generator (Agilent
Technologies Inc, United States), amplified by a
Communication Power Corporation amplifier
(Hauppauge, NY, United States) and fed to the radi�
ator. The mean electrical power did not exceed 30 W
at a pulse repetition rate of 1 kHz. Each radiating
acoustic signal was received by a miniature needle�
shaped hydrophone with a diameter of the sensitive
region of 40 μm (Precision Acoustics Ltd, Dorches�
ter, United Kingdom). The electrical signal of the
hydrophone was fed to the input of the oscilloscope
(HP 54615B, Agilent Technologies Inc, United

States), where in the given time window, a constant�
in�amplitude part of the signal was averaged. The
corresponding time region was transferred into a
computer, and, with the help of the Hilbert trans�
form, the amplitude and phase shift of acoustic pres�
sure was calculated relative to a reference signal with
the same carrier frequency.

The distribution of the normal velocity component
on the radiator surface was calculated by the holo�
graphic method using the Rayleigh integral from for�
mulas (15), (16). Note that, since the frequency of the
source was comparatively high, the size of analyzed
inhomogeneities was much larger than the wave�
length; i.e., there was no need to increase the resolu�
tion using inhomogeneous waves. Therefore, in ana�
lyzing the data, the angular spectrum method was not
used (in contrast to the previous experiment). The
results of conducting measurements at distances from
10 to 60 mm coincided and depended little on the
system alignment. Below, we give results for scan�
ning at a frequency of 9 MHz at a distance of  20
mm. Vertical scanning was performed within the
limits of 12 mm (i.e., at an interval higher than the
height of the source by a factor of 2) with the step of
0.1 mm, which is several times smaller than the
wavelength in water, λ = 0.167 mm. Scanning along
one vertical line took almost a minute, and the over�
all scanning time, proportional to the number of
angular steps, was from 1 h (60 steps at 6 deg) to sev�
eral hours. Note that the scale for one wavelength

=1r

Micropositioning
system

Radiator

Hydrophone

Fig. 5. Photograph of the setup for scanning cylindrical radiators. The needle�shaped hydrophone can be shifted by a microposi�
tioning system, and the radiator can be turned around its own axis. The source and receiver are located in a water tank.
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normalized to the surface of the source corresponds
to approximately 7 deg.

Figure 6a shows the external view of the radiator.
On the surface of the radiator, an absorption band of
wax in the shape of the Latin letters “PRI” has been
applied. Similarly to Figs. 4b and 4c, Fig. 6b shows the
amplitude (top) and relative phase (bottom) distribu�
tions, and Fig. 6c shows the distribution of the nor�
mal component of the vibration speed on the surface
of the radiator. In contrast to the previous experi�
ment, the velocity distributions in the given case were
obtained by the back propagation method based on
Rayleigh integral (15). The contours of the letters
“PRI” are distinctly recognized in the recovered
velocity distribution in Fig. 6c, but differ little in the
amplitude and phase distribution on the measure�
ment surface (Fig. 6b). The simplicity and stability of
the method made it possible to accumulate signifi�
cant experience of a holographic visualization of var�
ious surface, solder, and crack defects, as well as
other inhomogeneities, and over time to develop a
reliable quality control system of manufactured radi�
ators at their final stage.

DISCUSSION AND CONCLUSIONS

Radiation of cylindrical sources diverge in all
directions from the source axis. This feature should be
taken into account in formulating various methods of
acoustic holography.

In particular, if, in using the spatial spectrum
method, we act in analogy to the case of plane sources,
then holography can prove either impossible or insuf�
ficiently exact. This primarily concerns the choice of
maximum angular index m, retained in the expansion
over spatial harmonics (2). If we use all possible spec�
tral components, which are propagating waves on the
scanning surface, then in calculating back propaga�
tion, instability arises. This is related to the fact that

when the source is approached, certain retained com�
ponents of the spatial spectrum transform into rapidly
attenuating (inhomogeneous) waves, and the problem
of back propagation of such waves becomes incorrect.
The back propagation algorithm will be deliberately
stable if we choose the maximum angular index such
that all retained spectral components will be propa�
gating at the same source. However, in this case, the
highest accuracy will not be achieved, because at the
given cutoff, the informative high�quality part of the
spatial spectrum is not used, which corresponds to
transition�type waves, those which are initially inho�
mogeneous but at a certain distance from the source
change their type and begin to propagate without
strong attenuation. The optimal cutoff frequency in
the same way lies between the two indicated charac�
teristic frequencies.

In the acoustic holography of cylindrical sources
based on use of the Rayleigh integral, there is also a
certain specific character in comparison to the case of
plane sources. This is the fact that in calculating back
propagation, integration is performed not over the
entire measurement surface enclosing the source, but
only over the part of it that is visible from the studied
point of the source.

The spatial resolution of all of the above�described
holographic methods are limited by diffraction. In
practice, this means that in holographic recovery,
small�scale field inhomogeneities are lost; i.e.,
smoothing occurs. The question is quite logical to
what extent effective diffraction smoothing distorts the
true field at the source when various holographic
methods are used. Qualitatively, the answer to this
question is obvious: smoothing should manifest itself
for inhomogeneities on the order of the wavelength or
smaller. For a quantitative description, it is necessary
to simulate back propagation.
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Fig. 6. (a) Photograph of the radiator. (b) Amplitude (top) and phase (bottom) distribution of acoustic pressure on the measure�
ment surface, r1 = 20 mm. (c) Recovered amplitude and phase distribution of pressure on the radiator surface, r0 = 1.35 mm.
Scales for the amplitude of acoustic pressure and velocity are given, respectively, in MPa and m/s.



104

ACOUSTICAL PHYSICS  Vol. 57  No. 1  2011

TSYSAR et al.

It is convenient to examine inhomogeneity in the
form of a small active region on the surface of the
cylindrical source. We consider the case of the Gauss�

ian profile of acoustic pressure 
in axial and angular coordinates. Here,  is the char�
acteristic diameter of the active region.

Figure 7 shows the initial Gaussian distributions as
a result of their recovery when different holographic
approaches are used for the cases  and ;
the parameters of the cylindrical radiator are indicated
in the caption. On the left are the angle distributions;
on the right, axial coordinate distributions. Calcula�
tion was performed by the Rayleigh integral method,
as well as the spatial spectrum method using perma�
nently propagating components ( ) and with
additional allowance for transition�type waves
( . It is noteworthy that with a size of an
inhomogeneity equal to the wavelength ( ), all
holographic methods give virtually ideal recovery. As
is seen in Fig. 7, all corresponding curves merge with
the initial distribution. Thus, already beginning with
inhomogeneities of the size of the wavelength, any of
the considered methods can be considered exact.
Diffraction features manifest themselves only for
smaller inhomogeneities. This is seen from compar�
ison of curves at . All methods give a certain
surface vibration pattern reconstruction error. The
most accurate reconstruction occurs when the spa�
tial spectrum is used with retention of transition�
type components ( . The spatial spectrum
method using permanently propagating components
and the Rayleigh integral method give virtually iden�
tical distributions. In other words, in practice, with
equal justification it is possible to use both variants
of acoustic holography. It is important that all of
them enable to find the surface vibration distribution

− + ϕ σ~ /2 2 2 2exp[ ( ) ]z r
σ

σ = λ σ = λ0.3

≤ 0m m

≤ 01.17 )m m
σ = λ

σ = λ0.3

≤ 01.17 )m m

at the source with high accuracy, which is limited
only by the effect of smoothing of inhomogeneities
smaller than the wavelength.
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