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Abstract—A novel numerical model was developed to simulate threedimensional nonlinear fields generated
by high intensity focused ultrasound (HIFU) arrays. The model is based on the solution to the Westervelt
equation; the developed algorithm makes it possible to model nonlinear pressure fields of periodic waves in
the presence of shock fronts localized near the focus. The role of nonlinear effects in a focused beam of a two
dimensional array was investigated in a numerical experiment in water. The array consisting of 256 elements
and intensity range on the array elements of up to 10 W/cm2 was considered. The results of simulations have
shown that for characteristic intensity outputs of modern HIFU arrays, nonlinear effects play an important
role and shock fronts develop in the pressure waveforms at the focus.
DOI: 10.1134/S1063771011030213

1. INTRODUCTION
An increasing number of current high intensity
focused ultrasound (HIFU) noninvasive surgical
devices rely on using twodimensional multielement
phased arrays with the elements distributed over a seg
ment of a spherical surface [1–4]. Each element of
such an array is controlled independently, which
makes it possible to electronically steer the focus in
space, to create a complex field configuration in the
form of several foci, and to minimize the heating of
acoustic obstacles (for instance, ribs) while maintain
ing high intensities at the focus [3–7]. The abilities of
arrays can also be utilized to improve the quality of
focusing in inhomogeneous tissue using time reversal
methods, as well as to trace the region of treatment,
which shifts due to respiration [1, 8].
Numerical experiment is an important tool in
characterizing pressure fields created by HIFU radia
tors, in developing exposure protocols, and in predict
ing corresponding HIFUinduced biological effects in
tissue [9, 10]. Intensity levels at the focus of HIFU
radiators can reach several tens of thousands of
W/cm2, causing nonlinear propagation effects. Non
linear effects can result in formation of weak shocks in
the ultrasound waveform, which fundamentally
changes the efficiency of ultrasound thermal action on
tissue and can lead to new biological effects of a non
thermal nature [11, 12].
Nonlinear propagation effects in focused ultra
sound fields with account for the formation of shocks
have been studied in detail for axially symmetric

beams [9, 10, 12, 13]. Threedimensional problems
have been solved for beams radiated from diagnostic
ultrasound transducers, i.e., for the case of weak
focusing and weak nonlinear effects [14, 15]. However,
no results have been reported yet on modeling nonlin
ear effects in threedimensional fields of multiele
ment HIFU arrays with account for the formation of
shocks. Several difficulties are combined at once in
this problem: the complex diffraction structure of the
near field and large focusing angles requiring the use of
accurate diffraction models and a fine spatial numeri
cal grid. In addition, strong nonlinear effects require
large number of harmonics to be included in the sim
ulations or a fine temporal grid. For simulation in a
threedimensional geometry with allowance for gen
eration of shock fronts, in general, significant expen
ditures of RAM and computer time are required,
which exceed the capabilities of modern SMP com
puters, i.e., computers with shared memory.
In this work, a numerical solution was obtained for
the first time for the nonlinear field of a therapeutic
array in the presence of high amplitude shocks. An
algorithm was developed that economizes RAM, mak
ing it possible to perform such calculations on SMP
computers. As an example, numerical modeling was
performed for an array with a frequency of 1.2 MHz,
consisting of 256 elements with a radius of 3.3 mm,
distributed over a spherical cup with a radius of 68 mm
and an opening for a diagnostic transducer with a
radius of 9 mm, focusing distance of 120 mm, and
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intensity of up to 10 W/cm2 at the radiating elements
[13, 16].
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Here, p is acoustic pressure, z is the spatial coordi
nate along the beam axis,τ = t − z c0 , t is time,
Δp = ∂ 2 p/ ∂z 2 + ∂ 2 p/ ∂y 2 + ∂ 2 p/ ∂x 2 , x and y are spatial
coordinates lateral to z; ρ0 , c0 , β, and δ are the density,
ambient sound speed, nonlinearity coefficient, and
absorption coefficient of the medium, respectively.
Calculations were performed for water, and the corre
sponding physical parameters in Eq. (1) were as fol
lows: ρ 0 = 1000 kg/m3, c0 = 1500 m/s, β = 3.5, and
−6
δ = 4.33 × 10 m2/s. The origin of the coordinates
corresponded to the center of a spherical segment
where individual elements of the array were located so
that the point x = 0 , y = 0 , z = F corresponded to the
geometric focus of the array. Equation (1), which gov
erns the propagation of nonlinear waves in a thermo
viscous medium in the positive direction of the z axis,
had been widely used earlier to simulate weakly non
linear and weakly focused fields generated by diagnos
tic ultrasound transducers [18, 19].

2.2. Boundary Conditions for the Numerical Algorithm
To solve the Westervelt equation (1), written in the
evolution form in terms of the z coordinate, it is nec
essary to assign boundary conditions on some initial
plane (x, y, z = z 0 ). Since the elements of the array are
distributed on the surface of a spherical cup, the field
was first calculated on the plane z 0 = 2 cm from the
center of the array using the Rayleigh integral. This
plane is located near the edge of the array cup, which
is at a distance of z = 1.85 cm from the array center.

 
u(r ')exp(ik r − r ' )

k
(2)
p(r ) = −iρ 0c0
dS ',
 
r − r'
2π

∫
S

where k = ω/ c0 is the wavenumber, ω = 2π f , f is the

ultrasound frequency, and u(r ') is the complex ampli
tude of the vibration velocity of the radiator surface S .
Figure 1a shows the complex diffraction structure
of the pressure field created by the 256 elements on the
given plane (x, y, z = z 0 ). In order to account for non
linear effects in the near field of the array, this bound
ary condition was then carried back to (x, y, z = 0)
plane, tangential to the center of the spherical array
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2.1. Westervelt Equation
The field of the array was simulated according to
the Westervelt equation [17], which in the accompa
nying system of coordinates can be written in the form
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Fig. 1. Spatial distributions of dimensionless pressure
amplitude p p0 calculated in the plane near the edge of the
radiator at z = 20 mm (a) and in plane z = 0 (b). Here,
p0 = ρ0c0u0 , where u0 is the amplitude of vibration velocity
at the surface of an element.

surface. Back propagation was performed with the
Rayleigh integral calculated using the angular spec
trum method, described below. Figure 1b shows the
distribution of the “virtual” sources obtained on the
(x, y, z = 0) plane. Numerical solutions were obtained
using both boundary conditions; the differences
observed between the simulation results are discussed
below.
2.3. Numerical Algorithm
The numerical solution to Eq. (1) was calculated
sequentially, passing from plane (x, y, z = z1) to plane
(x, y, z = z1 + Δz) with a step of Δ z , following the
method of splitting by physical factors [9, 10, 13, 14,
18, 19]. Equation (1) was divided into simpler equa
tions for diffraction,

∂ 2 p c0
= Δ p,
∂τ∂ z 2

(3)
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nonlinearity,
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∂p
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(4)
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= δ3 2 .
∂z 2c0 ∂τ
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and absorption,

With known pressure distribution in the plane
(x, y, z = z1), combining in a certain way the solutions
to these equations consequentially one after another,
a solution to Eq. (1) was obtained in plane
(x, y, z = z1 + Δz) with secondorder accuracy, i.e.,
3
with the error in approximation at each step O(Δ z )
and on the entire calculation path along the z coordi
2
nate, O(Δ z ) [13, 18, 19]. In this work, the version of
the splitting method was applied in which each step
over the z coordinate begins and ends with the diffrac
tion operator calculated over a halfstep of the grid. If
we denote the action of the diffraction operator over
the step Δ z as Γ D, Δz , and the combined action of the
nonlinearity and absorption operators as Γ N + A, Δz , then
the scheme of applying the splitting method can be
represented as follows:

p(τ, x, y, z + Δz)
= Γ D, Δz /2Γ N + A,Δz Γ D,Δz /2 p(τ, x, y, z).

(6)

As the distance of z changed and the amplitudes of
highfrequency components of the wave spectrum
increased, the step size Δ z was varied to ensure the
required accuracy of the solution.
Simulations were conducted using the advantages
of both the frequency and temporal representations of
the acoustic field. In the frequency domain, the solu
tion to Eq. (1) was represented in the form of a finite
Fourier series expansion [10]:
N max

p(τ, x, y, z) =

∑

pn(x, y, z)exp ( −inωτ).

(7)

n =−N max

The diffraction operator (3) was calculated for the
amplitudes of each harmonic using the angular spec
trum method [18–21]. According to this method,
pressure amplitude pn(x, y, z) of the nth harmonic in
plane (x, y) is expanded by fast Fourier transform into

a twodimensional spectrum pn(k x , k y , z) over spatial
frequencies (k x , k y ). The angular components
pˆn(k x , k y , z + Δz) at the next step in the propagation
distance were calculated by multiplying the spectrum
by the corresponding phase factor:
pˆ n (k x , k y , z + Δ z ) = pˆ n (k x , k y , z )
× exp[i Δ z k n − k x − k y − i Δ zk n ],
2

2

2

(8)

where kn = nω/ c0 is the wavenumber of the nth har
monic.
Finite spatial window for field pn(x, y, z) and peri
odic boundary conditions over the coordinates x and y
were used in the algorithm resulting in artificial wave
reflections from the boundaries. To suppress these
artificial reflections, at each step in the propagation
distance, the amplitudes of spectral components were
set to zero beyond a circle of radius k max , i.e., in the
2
region k x2 + k y2 > kmax
[18]. The radius of the circle for
each harmonic was defined by the relation kmax =
2
kn z prop
Δ k 2 / π 2 + 1, where Δ k = 22π/ L is the step
over the spatial frequency in the case of a square region
of size L , z prop is the propagation distance, which was
different for each harmonic due to their gradual inclu
sion in the calculations. In addition, an artificial
absorption quadratic with frequency was introduced in
the layer adjacent to the boundaries of the spatial
domain of the scheme. Absorption coefficient ν at the
fundamental frequency increased according to the law
2
ν = ν 0 [(x1 − x) Δx] , where x1 is the coordinate of the
beginning of the layer, Δ x is the width of the layer, and
ν 0 is the maximum absorption at the boundary. Typical
values of the parameters of the layer were as follows:
ν 0 = 1.6 mm–1 and Δ x = 10 mm. Note also that the
angular spectrum method can be easily modified to
calculate the diffraction effects in a parabolic approx
imation by replacing the phase factor as follows:

pˆ n(k x , k y , z + Δ z) = pˆ n (k x , k y , z )

(9)

× exp[−i Δ z(k x + k y )/(2k n )].
2

2

The nonlinear operator (4) was calculated using
two algorithms. At small distances from the radiator,
the integration was performed in a frequency repre
sentation using the fourth order Runge⎯Kutta
method. The set of nonlinear coupled equations for
the harmonic amplitudes in the Fourier series expan
sion (7) was solved:
N max − n
n −1
⎞
∂pn inβω ⎛
1
*
=
p
p
+
pk pn − k ⎟ ,
⎜
k n+ k
3 ⎜
⎟
2 k =1
∂z
ρ 0c0 ⎝ k =1
⎠

∑

∑

(10)

where pn* denotes the complex conjugate harmonic
amplitude. Since the number of operations in this
algorithm is proportional to the squared number of
harmonics Nmax, it is quite efficient when a relatively
small number (several tens) of harmonics are consid
ered. To shorten the calculation time, additional har
monics were introduced into the algorithm gradually,
as the wave spectrum broadened with increasing prop
agation distance z. When the steepness of the wave
profile exceeded a quantity that corresponds to 0.1 of
the shock formation distance in a plane wave, the non
linear algorithm was changed to a conservative time
domain Godunovtype scheme. This scheme makes it
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possible to simulate the evolution of waveforms con
taining shocks having only two to three grid points at
the shock front [22, 23]. When calculating nonlinear
ity and absorption terms, the step in equation (6)
was split into additional substeps in order to increase
the accuracy of calculations [18]. The absorption
term was calculated in the frequencydomain using
an exact solution for each harmonic: pn(x, y, z + Δz) =
pn(x, y, z)exp(−Δ z ω2nδ/2c03 ), where ωn = nω is the cir
cular frequency of the nth harmonic.
The transition between the spectral and temporal
representations of the solution (7) was carried out
using fast Fourier transform (FFT) realized with the
FFTW library. FFT calculation was performed in
relatively small blocks, i.e., simultaneously for some
relatively small number of waveforms (several hun
dred) taken at adjacent points along the x axis. This
method made it possible to substantially increase the
efficiency of calculations comparing to the method
when single FFTs are calculated for each spatial
point.
2.4. Optimization of Calculations
and Parallelism of the Algorithm
Numerical simulations of threedimensional
nonlinear acoustic fields using the numerical meth
ods presented above are computationally intensive
requiring long time of calculations and large volume
of RAM. These requirements increase significantly
when shock fronts are developed in the pressure
waveforms. In this case a highresolution numerical
grid in both the temporal and spatial coordinates
should be used [10, 13]. Data arrays become exces
sively large and the problem cannot be solved on
conventionally available SMP computers, whose
RAM, as a rule, does not exceed 32 GB. With a cal
culation region for the field of the array in transverse
coordinates of 25 × 25 cm, a size of the grid steps of
dx = dy = 0.05 mm, 500 harmonics included in cal
culations, as well as single accuracy in the represen
tation of real numbers, the size of data arrays for
describing the pressure field is about 90 GB. Work
ing with such arrays is not a problem for cluster sys
tems; however, development of a parallel algorithm
for a cluster is technically more difficult than for an
SMP computer. In this work, we optimized the
algorithm in such a way that it can be used for cal
culation on multithreaded machines with an overall
RAM of several tens of GB.
It was possible to optimize the algorithm because
nonlinear effects in strongly focused fields of HIFU
systems are significant only in the proximity of the
focal region. In this region, it is necessary to include a
large number of harmonics in calculations. However,
much smaller number of harmonics can be used
beyond the focus region both along and transverse to
the beam axis. A similar approach of limiting the num
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Fig. 2. Geometry of echelon storage of the data arrays of
the numerical algorithm for the case of three echelons,
shown in the figure in white (no. 1), gray (no. 2), and by
diagonal lines (no. 3). In the central echelon (no. 3), the
maximum number of harmonics is included in calcula
tions; in the boundary echelon (no. 1), the minimum
number. The dashed lines divide squares, in which at every
grid step over the z coordinate, parallel calculations of the
nonlinearity and absorption operators are performed.

ber of harmonics outside of the beam region contain
ing shocks was employed in simulating nonlinear
effects in the near field of an axially symmetric radia
tor [24]. Figure 2 schematically illustrates the method
of splitting a different number of harmonics in the case
of three regions, indicated in the figure by different
numbers. The harmonics, starting from the first
through n1 , are kept in calculations in region no. 1 of
size L1; from n1 + 1 through n2 , in region no. 2 of size
L2; etc. A specific number of harmonics in each region
varies for each calculation. We will name such a
method of data allocation as echelon, and the regions
themselves—echelons. As shown in the figure, the
dimensions of each echelon Li are multiples of the
dimensions of the smallest echelon L3 ; i.e., the
entire computational region is divided into squares
outlined in the figure by dotted lines. This geometry
of echelons was chosen in order to effectively imple
ment the nonlinear algorithms inside the squares
with the application of stream data processing and
efficient RAM organization. The size of each eche
lon was determined using the formula Lk =
L1(2N − 2k + 1)/(2N − 1) , where k is the echelon num
ber and N is the overall number of echelons. This data
arrangement provided the differentiation for the allo
cation of harmonics, saving of the resources of RAM
by a factor of tens as well as maintaining the calcula
tion efficiency.
When shock fronts develop in the pressure wave
form, strong gradients appear in the transverse spatial
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field structure as well. These spatial gradients can
cause artificial oscillations in the numerical solutions.
To eliminate oscillations, an artificial absorption was
introduced in the algorithm locally around the focus
where shocks were present [10]. The absorption coef
ficient was chosen according to the following depen
dence on the axial coordinate:

⎡
⎛ z − z1 ⎞
⎛ z − z 2 ⎞⎤
α = a1 + 0.5( A − 1) ⎢tanh ⎜
⎟ − a2tanh ⎜
⎟⎥ .
⎣
⎝ Δ z1 ⎠
⎝ Δz 2 ⎠⎦
(11)
Here, parameter A determines the increase in the
absorption coefficient near the focus in comparison to
the absorption coefficient in water. Coefficients
a1 = (1 + B)/2 and a2 = 1 + (1 − B)( A − 1) are expressed
in terms of the parameter B , which determines an
increase in the absorption coefficient postfocally.
Geometric parameters z1 and z 2 determine the size of
the region of increased absorption, and parameters
Δ z1 and Δ z 2  the width of transition regions to the val
ues of absorption coefficients A and B . The values of
parameters in the formula (11) were chosen specifi
cally for each individual case of calculations to com
pletely eliminate oscillations in the numerical solu
tions with shocks.
The parameters of the algorithm were also opti
mized by varying the echelon configuration and the
parameters of artificial absorption, so that to achieve
the minimum transverse steps dx = dy = 0.025 mm
and maximum number of harmonics in the central
echelon Nmax = 500. The code was written in FOR
TRAN 95 for parallel computations. In calculation of
twodimensional FFTs for the diffraction substep,
parallel computing was performed using an internal
ability of the FFTW library. The remaining substeps
were parallelized using OpenMP technology. Calcula
tions were performed within one node of the SKIF
MSU supercomputer Chebyshev. The node contains
8 processor cores (2 quadcore processors) and 8, 16,
or 32 GB of RAM. Overall, the performance of the
parallel computations was six times faster in compari
son to sequential execution of the code.
2.5. Parameters of the Numerical Algorithm
In this paper simulations were performed for non
linear pressure field generated by a multielement
array over clinically relevant power outputs. The inten
sities at the radiating elements were I0 = 1, 2, 2.5, 5, and
10 W/cm2; linear focusing of ultrasound was considered
as well. Simulations for the linear case and for I0 =
1 W/cm2 were performed on the spatial grid with steps
of dx = dy = 0.05 mm in transverse coordinates and a
number of grid points of N x = N y = 5000 . For the
remaining cases, the steps of dx = dy = 0.025 mm and
a number of grid points of Nx = Ny = 10000 were
employed. Thirteen echelons were chosen, and the

maximum number of harmonics was distributed over
the echelons in the following way: from the 1st through
the 6th, N max = 14 ; from the 7th through the 9th,
N max = 40; from the 10th to the 13th, N max = 100, 200,
300, and 500, respectively. The size of the array data
was close to 32 GB. The distribution of harmonics
over echelons provided 16 times economy in RAM.
Pressure field of the array was calculated starting
from the initial plane z 0 = 0 mm or from the plane
z 0 = 20 mm to a distance of z = 1.3F = 156 mm. The
step Δ z along the array axis was 0.1875 mm in the seg
ment from the initial plane to z = 0.8F , 0.125 mm in
segment [0.8F, 0.9F], 0.0625 mm in [0.9F, 1.1F]; and
0.125 mm in [1.1F, 1.3F]. The number of step split
tings for the nonlinearity and absorption operators
increased from one in the first segment to six in the
area around the focus [0.9F, 1.1F].
The values of artificial absorption parameter A in
the equation (11) were 2.5, 5, 20, and 40 for intensities
of 2, 2.5, 5, and 10 W/cm2, respectively, which ensured
about 7 points per shock front. The values of the geo
metric parameters in the equation (11) were close to
0.96F and 1.03F for z1 and z 2 , and 0.01F for Δ z1 and
Δ z 2 . The calculation time for these parameters of the
code was several hours in case of weak nonlinear
effects and up to a day and a half in case of developed
shocks.
3. RESULTS AND DISCUSSION
3.1. Validation of the Numerical Algorithm
The accuracy of the numerical solutions obtained
with the new algorithm was examined by comparing
the simulation results with known analytical solutions
or numerical simulations performed using other
methods. For each of the operators (3–5) governing a
particular physical effect, the results were compared
with known analytical solutions. A test of the complete
algorithm, failing the existence of general analytical
solution, was performed by comparison with known
modeling results of other studies obtained in a para
bolic approximation for nonlinear fields of axially
symmetric radiators [25, 26].
The diffraction algorithm was tested by calculating
the linear field from a single focused piston element of
the array (Fig. 3a) and comparing it with known ana
lytic solutions. Figures 3b and 3c show the results of
simulations (solid curves) and analytic solutions
(dashed curves) for the pressure (b) amplitude and
(c) phase on the axis of the element. The comparison
shows very good agreement of the results, the curves
nearly coincide, and the maximum deviation between
them does not exceed 0.5%.
The algorithm (10) for calculating nonlinear term (4)
was tested by comparing the simulated propagation
curves for harmonic amplitudes with the analytic
Bessel–Fubini solution for nonlinear propagation of
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Fig. 3. Pressure amplitude distribution p p0 for a single array element, calculated numerically in a linear approximation in the
axial plane of the element (a). Results of linear numerical calculations (solid gray curves) for the pressure amplitude (b) and phase (c)
along the element axis in comparison to an analytic solution (thin dashed curves).

a plane, initially harmonic wave up to the shock for
mation distance [27]. The deviation from the analytic
solution was obtained at a level of 10–6. At longer dis
tances, when shocks were present, the simulations
obtained using Godunovtype timedomain scheme
were compared with the analytic solution for sawtooth
waves [27]. When 500 harmonics were included in
simulations, the shock amplitude in the numerical
solution was different from the exact solution by less
that 0.3%.
Complete testing of the algorithm was performed
by comparison of numerical solutions for an axially
symmetric single element focused radiator. The solu
tions were obtained using the new algorithm with
account for diffraction in parabolic approximation (9)
and analogous calculations performed using other
numerical schemes based on the Khokhlov–Zabo
lotskaya–Kuznetsov (KZK) equation [9, 10, 25, 26].
The corresponding boundary condition in the three
dimensional algorithm was set at z = 0 in the form of a
round piston with phase k0 x 2 + y 2 /2F . For compar
ison, a radiator with an operational frequency of
1.7 MHz, a radius of 41.1 mm, and a focusing distance
of 150 mm, was considered. The parameters of the
radiator were chosen identical to those of the HIFU
ACOUSTICAL PHYSICS
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transducer considered in the earlier publication [25].
The linear focusing gain of the radiator in the para
bolic approximation was G = ω R 2 /2c0 F = 40 , and the
output intensity level was chosen such that the nonlin
earity coefficient N = F β p0ω/ c03ρ 0 = 0.25 corre
sponded to the case considered in [26]. The initial
pressure amplitude near the radiator was 0.15 MPa,
and the linear estimate of intensity at the focus was
1200 W/cm2. Figure 4 shows a comparison of pressure
waveforms at the focus (a) and the peak pressure dis
tributions along the beam axis (b) obtained with the
new numerical algorithm (solid curves) and in the pre
viously cited study [26] (dashed curves). The results of
modeling demonstrate very good agreement with less
than 1% difference.
In modeling nonlinear equation (1) with the
boundary condition given on the plane z = 2 cm, non
linear effects are not taken into account in the propa
gation path from the radiator to the given plane [13].
In order to account for nonlinear effects in this region,
a method that was previously proposed for modeling
ultrasound fields of diagnostic radiators was employed
[28]. As mentioned above, the field calculated with the
Rayleigh integral near the edge of the radiator (on the
plane z = 2 cm) was back propagated to the plane
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Fig. 4. Comparison of the results of nonlinear modeling of the field of an axially symmetric radiator obtained in the parabolic
approximation using the new algorithm (solid gray curves) and calculations performed with other algorithms (thin dashed curves):
pressure waveforms at the geometric focus (a); positive p+ / p0 and negative p− / p0 peak pressures along the beam axis (b). Non
linear parameter N = 0.25, linear focusing gain G = 40 [25, 26].
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Fig. 5. Pressure amplitude distribution p p0 in the ( x , z ) plane on the array axis, calculated numerically in a linear approximation
with the new alorithm (a). The black line denotes the position of the spherical cup on which the elements are located (the scale
of the x axis is compressed by a factor of 3 in relation to the scale of the z axis). Comparison of the results calculated with the new
algorithm (solid gray curves) and the Rayleigh integral (dotted curves) for the linear field of the array: pressure amplitude p p0
on the axis (b) and in the focal plane along the x axis (c).
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(x, y, z = 0) using Eq. (8) with −Δ z instead of Δ z . In the

the form z ≥ F ⎯ F − x − y , when x + y ≤ R ,
2
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No. 3
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6 ωt

Fig. 6. Dimensionless pressure waveforms in the geometric
focus of the array ( x = 0 , y = 0 , z = F ), calculated at dif
ferent initial intensity levels on array elements: 1, 2, 2.5, 5,
and 10 W/cm2 (numbers next to the curves); 0—linear
focusing of the field.

culated by the two methods. The curves are practi
cally indistinguishable from each other. The results of
linear simulations determine the dimensions of the
focal region of the beam: the size along the beam axis z
at a level of –6 dB is 9.7 mm, and the size in the
transverse direction, 1.7 mm. The pressure amplitude
in the side lobes does not exceed 16% of the ampli
tude at the focus.
3.3. Nonlinear Field of the Array

The results of modeling the array field in the linear
approximation are shown in Figs. 5a–5c. Figure 5a
shows the distribution of pressure amplitude in the
axial plane of the array ( x, z ). The amplitude scale is
shown in dB relative to the initial pressure amplitude p0 .
Complex diffraction pattern of the field in this axial
cross section of the beam results from the multiele
ment structure of the array and randomized distribu
tion of its elements. However, the pressure distribution
in the focal region is nearly regular because the pres
sures from all the elements of the array are combined
in phase close to the focus. Figure 5b shows the pres
sure amplitude along the z axis of the array in a linear
scale (solid curve). The results of calculating the field
directly with the Rayleigh integral (dotted line) are
also presented for comparison. Both curves nearly
coincide; the difference between them does not
exceed 0.5%. The linear pressure gain in the geometric
focus of the array is G = pF / p0 = 58.46. This value
agrees well with the quantity obtained by summation
of pressures at the focus from all array elements,
pF / p0 = 256 pˆ F / p0 = 58.37 , where pˆ F / p0 = 0.228 is
the normalized pressure at the focus in the field of
one element (Fig. 3). This simple estimate is an indi
rect validation of the algorithm for calculating the
diffraction term. Figure 5c shows the pressure distri
butions in the focal plane along the x axis, also cal
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and z = F − F 2 − R 2 , when x + y ≥ R . The results
of calculation using such an algorithm have shown
that at intensities of 1, 2, 2.5, 5, and 10 W/cm2, the
peak positive pressure in the geometric focus
increases by 2, 5, 7, 1, and 0.1%, respectively, in
comparison to the case where nonlinear effects were
not taken into account inside the spherical segment
of the array. These results demonstrate that the dis
crepancies in solutions obtained with boundary
conditions set on the two planes are mainly pro
nounced at moderate intensities of 2 and
2.5 W/cm2. It will be shown below that at these
intensities the shock front is beginning to form at
the focus. Further results presented in the paper
were obtained with account for nonlinear propaga
tion inside the surface of the array.
2

5

200

p/p0

linear approximation, calculations of the field of the
array with such a boundary condition evidently yield
the same result as with the boundary condition given
on the plane (x, y, z = z 0 ). In further nonlinear calcula
tions, the boundary condition was set on the plane z = 0
(Fig. 2b). While propagating between the two planes,
the nonlinear operator (4) was applied only in the vol
ume bounded by the surface of the radiator cup. The
conditions on choosing the volume can be written in
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Figure 6 shows the waveforms in the center of the
curvature of the array that were simulated at different
initial intensities on the array elements. The intensity
values are indicated by numbers given near the curves:
1, 2, 2.5, 5, and 10 W/cm2; index 0 corresponds to the
case of linear focusing. The sequence of waveforms
illustrates typical distortion of the focal wave profiles
that follows the strengthening of nonlinear effects
[10]. First, when nonlinearity is weakly expressed
(1 W/cm2), insignificant distortion of the waveform
occurs without formation of a shock front. The focus
ing gain increases for the peak positive pressure and
decreases for the peak negative pressure in comparison
to the linear one because of the diffraction phase shift
between the harmonics [10]. The change in the focus
ing gain for the peak pressures caused by nonlinear
effects can be described by a correction index which is
the ratio of dimensionless pressures at the focus in
nonlinear and linear beams [10]. For initial intensity
of 1 W/cm2 the correction index for the peak positive
pressure is 1.6, for the peak negative pressure 0.76.
With an increase in initial intensity (2.5 W/cm2), a
shock front begins to form at the focus and the focus
ing gain for the peak positive pressure further increases
(a correction index of 3). At intensity of 5 W/cm2, a
high amplitude shock is developed near the focus and
the correction index for the peak positive pressure
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Fig. 7. Distributions of dimensionless positive p+ / p0 and negative p− / p0 peak pressures along the axis of the array (a) and in the
focal plane along the x axis (b) at various initial intensities: 0—linear focusing (dotted line); the remaining numerals next to the
curves correspond to intensities on the array elements, measured in W/cm2.

reaches its maximum value of 3.7 [10]. At even higher
initial intensity (10 W/cm2), the shock front forms
prefocally and, since strong nonlinear absorption of
the wave energy occurs at the shocks, the correction
index for the peak positive pressure decreases to a
value of 3.1.
The aforementioned characteristic nonlineardif
fraction effects are also illustrated in the graphs of the
dependences of positive p+ and negative p− peak pres
sures along the z axis (Fig. 7a) and in the focal plane
along the x axis (Fig. 7b). In addition to the effect of
nonlinear amplification in p+ and a monotonic
decrease in p− focusing gains, the effect of a shift of the
spatial maximum of p+ is observed. The shift is away
from the radiator at moderate nonlinearity (2 and
2.5 W/cm2) and towards the radiator at high nonlin
earity (5 and 10 W/cm2) [10]. At intensity levels con
sidered here the shift was approximately 0.5 mm in
both directions. With an increase in the initial inten
sity to a value at which the focusing gain for the peak
positive pressure reaches its maximum and begins to
decrease (5 W/cm2), narrowing of the focal region is
observed in both the longitudinal and transverse
directions. After the focusing gain passes through a
maximum, the focal region begins to widen. The
width of the focal region at a level of –6 dB for inten
sities of 1, 2, 2.5, 5, and 10 W/cm2 in the longitudi
nal direction is 7.5, 6.0, 5.3, 5.3, and 6.2 mm,
respectively; in the transveres direction, 1.2, 0.8,
0.7, 0.6, and 0.7 mm.
CONCLUSIONS
In this paper, a novel numerical algorithm based on
the Westervelt equation was developed. The algorithm
makes it possible to model threedimensional nonlin

ear fields of focused ultrasound radiators including
formation of shocks in the focal region. A varying
number of harmonics and echelon geometry of data
storage were employed in the algorithm in order to
reduce the sizes of data arrays during calculations. A
parallel computation model for SMP computers was
implemented resulting in significant acceleration of
calculations. The accuracy of modeling different
operators in the algorithm and the complete solution
to the problem were tested by comparing the results of
simulations with known analytic solutions or with the
results of modeling obtained in other studies in a par
abolic approximation for nonlinear axially symmetric
beams. The test results have shown high accuracy of
the developed algorithm. To demonstrate the abilities
of the algorithm, nonlinear field of a multielement
twodimensional phased array was simulated. It was
shown that, at clinically relevant intensity levels on the
array elements, high amplitude shock fronts are
present in the focus of the array.
The developed algorithm can be used to solve a
broad class of practically important problems of non
linear medical acoustics. It can be applied to perform
nonlinear ultrasound characterization of pressure
fields of ultrasound HIFU surgical devices in water, as
well as to calculate ultrasoundinduced thermal effects
in tissue. Generalization of the algorithm with
account for smooth inhomogeneities in the propoga
tion medium would enable more realistic simulations
in soft tissues; it is also possible to model ultrasound
exposures in tissue with the presence of acoustic obsta
cles, e.g., during irradiation through the rib cage. An
important feature of the algorithm in application to
HIFU is the possibility of calculating threedimen
sional fields of radiators with complex spatial configu
ration while maintaining reasonable requirements on
the computing resources available.
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